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Outline of the talk

‣ Sensitivity analysis 

‣ Sensitivity analysis for hyperbolic equations 

‣ Euler equations in barotropic conditions (p-system) 

‣ Classical numerical schemes and results 

‣ Anti-diffusive numerical scheme and results
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Sensitivity Analysis

Sensitivity analysis: study of how changes in the inputs of a model affect the outputs

input
parameters

output
(state)model

a U

Sensitivity: @U

@a
= Ua
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Applications

‣ Optimization
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Applications

‣ Optimization
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@J(U)

@a
= b(U,Ua)

min
a2A

J(U)Problem: , where

Classical optimization techniques call for the differentiation of the cost function:

J(U) =
1

2
b(U,U) and    is bilinear.b
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Applications

‣ Optimization

‣ Quick evaluation of close solutions
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Applications

‣ Optimization

‣ Quick evaluation of close solutions

U(a+ �a) = U(a) + �aUa(a) + o(�a2)

5



Camilla Fiorini Sensitivity Analysis for the Euler equations in Lagrangian coordinates / 27

Applications

‣ Optimization

‣ Quick evaluation of close solutions

‣ Uncertainty quantification
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Applications

‣ Optimization

‣ Quick evaluation of close solutions

‣ Uncertainty quantification
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µ U(µa)

�2 Ua(µa)
TUa(µa)�

2
a

First order estimates
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

Standard techniques of sensitivity analysis

6

(
@tU+rF(U) = 0 ⌦⇥ (0, T ),

U(x, 0) = g(x) ⌦,
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

Standard techniques of sensitivity analysis

(
@a(@tU) + @a(rF(U)) = 0 ⌦⇥ (0, T ),

@aU(x, 0) = @ag(x) ⌦,
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

Standard techniques of sensitivity analysis

(
@tUa +rFa(U,Ua) = 0 ⌦⇥ (0, T ),

Ua(x, 0) = ga(x) ⌦,
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

This can be done under hypotheses of regularity of the state U. 

Standard techniques of sensitivity analysis

(
@tUa +rFa(U,Ua) = 0 ⌦⇥ (0, T ),

Ua(x, 0) = ga(x) ⌦,
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

This can be done under hypotheses of regularity of the state U. 

Standard techniques of sensitivity analysis

If these techniques are applied to hyperbolic equations, Dirac delta functions will appear 
in the sensitivity.

(
@tUa +rFa(U,Ua) = 0 ⌦⇥ (0, T ),

Ua(x, 0) = ga(x) ⌦,
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In order to have a sensitivity system which is valid also when the state is discontinuous, 
we add a correction term: 

Definition of the source term

S =
NsX

k=1

⇢

⇢

⇢k�(x� xk,s(t)),

(
@

t

U
a

+ @

x

F
a

(U,U
a

) = S ⌦⇥ (0, T ),

U
a

(x, 0) = g
a

(x) ⌦,

defined as follows:
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In order to have a sensitivity system which is valid also when the state is discontinuous, 
we add a correction term: 

Definition of the source term

S =
NsX
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⇢

⇢

⇢k�(x� xk,s(t)),
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t
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F
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(U,U
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U
a

(x, 0) = g
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defined as follows:
number of discontinuities
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In order to have a sensitivity system which is valid also when the state is discontinuous, 
we add a correction term: 

Definition of the source term

S =
NsX

k=1

⇢

⇢

⇢k�(x� xk,s(t)),

(
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t

U
a
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x

F
a

(U,U
a

) = S ⌦⇥ (0, T ),

U
a

(x, 0) = g
a

(x) ⌦,

defined as follows:
number of discontinuities

position of the k-th discontinuity
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In order to have a sensitivity system which is valid also when the state is discontinuous, 
we add a correction term: 

Definition of the source term

S =
NsX

k=1

⇢

⇢

⇢k�(x� xk,s(t)),

(
@

t

U
a

+ @

x

F
a

(U,U
a

) = S ⌦⇥ (0, T ),

U
a

(x, 0) = g
a

(x) ⌦,

defined as follows:
number of discontinuities

position of the k-th discontinuity

amplitude of the k-th correction 
(to be computed)
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Definition of the source term

x1 x2xc

t1

t2

�

To compute the amplitude of the correction, we consider an infinitesimal control volume 
containing a single discontinuity:
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Definition of the source term

x1 x2xc

t1

t2

�

To compute the amplitude of the correction, we consider an infinitesimal control volume 
containing a single discontinuity:

By integrating the sensitivity equations with the source term on the control volume, one 
has:  

⇢⇢⇢ = (U�
a �U+

a )� + F+
a � F�

a
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Definition of the source term

x1 x2xc

t1

t2

�

To compute the amplitude of the correction, we consider an infinitesimal control volume 
containing a single discontinuity:

By integrating the sensitivity equations with the source term on the control volume, one 
has:  

⇢⇢⇢ = (U�
a �U+

a )� + F+
a � F�

a

Rankine-Hugoniot conditions for the state: (U+ �U�)� = F+ � F�
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Definition of the source term

x1 x2xc

t1

t2

�

To compute the amplitude of the correction, we consider an infinitesimal control volume 
containing a single discontinuity:

By integrating the sensitivity equations with the source term on the control volume, one 
has:  

⇢⇢⇢ = (U�
a �U+

a )� + F+
a � F�

a

Rankine-Hugoniot conditions for the state:

Differentiating them w.r.t. the parameter: (U+
a �U�

a )� + (U+ �U�)�a = F+
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(U+ �U�)� = F+ � F�
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Definition of the source term

x1 x2xc

t1

t2

�

To compute the amplitude of the correction, we consider an infinitesimal control volume 
containing a single discontinuity:

By integrating the sensitivity equations with the source term on the control volume, one 
has:  

⇢⇢⇢ = (U�
a �U+

a )� + F+
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a

Rankine-Hugoniot conditions for the state:
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⇢⇢⇢ = (U+ �U�)�aFinally, we obtain the following amplitude:

9



Camilla Fiorini Sensitivity Analysis for the Euler equations in Lagrangian coordinates / 27

Definition of the source term

x1 x2xc
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Definition of the source term

x1 x2xc

t1

t2

�

To compute the amplitude of the correction, we consider an infinitesimal control volume 
containing a single discontinuity:

By integrating the sensitivity equations with the source term on the control volume, one 
has:  

⇢⇢⇢ = (U�
a �U+

a )� + F+
a � F�

a

Rankine-Hugoniot conditions for the state:

Differentiating them w.r.t. the parameter: (U+
a �U�

a )� + (U+ �U�)�a = F+
a � F�

a

(U+ �U�)� = F+ � F�

⇢⇢⇢ = (U+ �U�)�aFinally, we obtain the following amplitude:

 A shock detector
is necessaryS =

NsX

k=1

⇢

⇢

⇢k�(x� xk,s(t)),

9



Euler equations
in barotropic conditions:

the p-system



Camilla Fiorini Sensitivity Analysis for the Euler equations in Lagrangian coordinates / 27

(
@
t

⌧ � @
x

u = 0,

@
t

u+ @
x

p(⌧) = 0.

The Riemann problem for the p-system

The p-system writes:
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The Riemann problem for the p-system

x

t

xc

UL

U⇤

UR

x

t

xc

UL

U⇤

UR

eU

x

t

xc

UL

U⇤

UR

eU

x

t

xc

UL

U⇤

UR

eU1
eU2
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g1(⌧ ;UL) =

8
<

:
uL �

q
�(⌧�� � ⌧��

L )(⌧ � ⌧L) if ⌧  ⌧L,

uL +
2
p
�

1�� (⌧
1��
2 � ⌧

1��
2

L ) if ⌧ > ⌧L.

g2(⌧ ;UR) =

8
<

:
uR +

q
�(⌧�� � ⌧��

R )(⌧ � ⌧R) if ⌧  ⌧R,

uR +
2
p
�

1�� (⌧
1��
2

R � ⌧
1��
2 ) if ⌧ > ⌧R.

u⇤ = g1(⌧
⇤;UL) = g2(⌧

⇤;UR)
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ũ1 = uL +
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p
�

1� �

⇣
⌧̃

1��
2

1 � ⌧
1��
2

L

⌘
⌧̃1 =

✓
�t

2

(x� xc)2

◆ 1
�+1

⌧̃2 =

✓
�t

2

(x� xc)2

◆ 1
�+1

ũ2 = uR +
2
p
�

1� �

⇣
⌧

1��
2

R � ⌧̃
1��
2

2

⌘
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The sensitivity system

u⇤ = g1(⌧
⇤;UL) = g2(⌧

⇤;UR)

(
@
t

⌧
a

� @
x

u
a

= S
⌧

,

@
t

u
a

+ @
x

(p0(⌧)⌧
a

) = S
u

.

u⇤
a = g01(⌧

⇤;UL)⌧
⇤
a +

@g1
@⌧L

(⌧⇤;UL)⌧a,L +
@g1
@uL

(⌧⇤;UL)ua,L =

= g02(⌧
⇤;UR)⌧

⇤
a +

@g2
@⌧R

(⌧⇤;UR)⌧a,R +
@g2
@uR

(⌧⇤;UR)ua,R,

⌧⇤a =
@g2
@⌧R

(⌧⇤;UR)⌧a,R + @g2
@uR

(⌧⇤;UR)ua,R � @g1
@⌧L

(⌧⇤;UL)⌧a,L � @g1
@uL

(⌧⇤;UL)ua,L

g01(⌧
⇤;UL)� g02(⌧

⇤;UR)

⌧̃a,1 = 0

⌧̃a,2 = 0

ũa,1 =
@ũ1

@a
= ua,L �p

�⌧
� 1+�

2
L ⌧a,L

ũa,2 =
@ũ2

@a
= ua,R +

p
�⌧

� 1+�
2

R ⌧a,R

The sensitivity system writes:

13



Camilla Fiorini Sensitivity Analysis for the Euler equations in Lagrangian coordinates / 27

The sensitivity system

The sensitivity system writes:
(
@
t

⌧
a

� @
x

u
a

= S
⌧

,

@
t

u
a

+ @
x

(p0(⌧)⌧
a

) = S
u

.
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x

t

xc

Ua,L

U⇤
a

Ua,R

eUR
a

x

t

xc

Ua,L

eUL
a

U⇤
a

Ua,R

x

t

xc

Ua,L

U⇤
a

Ua,R

x

t

xc

Ua,L

U⇤
a eU

R

a
eU

L

a

Ua,R
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Classical numerical schemes
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Classical numerical schemes

‣ Exact Godunov-type scheme
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Classical numerical schemes

‣ Exact Godunov-type scheme

16

State:

Sensitivity:  non conservative, but composed only by discontinuities
                     direct average

Un+1
j = Un

j � �t

�x

(F(U⇤
j+1/2)� F(U⇤

j�1/2))
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Classical numerical schemes

‣ Exact Godunov-type scheme

‣ First order Roe-type scheme
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Classical numerical schemes

‣ Exact Godunov-type scheme

‣ First order Roe-type scheme

16

State:

Sensitivity: the source term is encompassed in the definition of                :

Un+1
j = Un

j +
�t

�x

(�ROE
j�1/2(U

⇤
j�1/2 �Un

j ) + �

ROE
j+1/2(U

⇤
j+1/2 �Un

j ))

U⇤
a,j�1/2

U⇤
a,j�1/2 =

1

2
(Un

a,j�1 +Un
a,j)�

Fa(Un
j ,U

n
a,j)� Fa(Un

j�1,U
n
a,j)

2�ROE
j�1/2

+
�ROE
a,j�1/2

2�ROE
j�1/2

⇣
(Un

j�1 �U⇤
j�1/2)d1,j�1 + (Un

j �U⇤
j�1/2)d2,j

⌘
.
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Classical numerical schemes

‣ Exact Godunov-type scheme

‣ First order Roe-type scheme

16

State:

Sensitivity: the source term is encompassed in the definition of                :

Un+1
j = Un

j +
�t

�x

(�ROE
j�1/2(U

⇤
j�1/2 �Un

j ) + �

ROE
j+1/2(U

⇤
j+1/2 �Un

j ))

U⇤
a,j�1/2

U⇤
a,j�1/2 =

1

2
(Un

a,j�1 +Un
a,j)�

Fa(Un
j ,U

n
a,j)� Fa(Un

j�1,U
n
a,j)

2�ROE
j�1/2

+
�ROE
a,j�1/2

2�ROE
j�1/2

⇣
(Un

j�1 �U⇤
j�1/2)d1,j�1 + (Un

j �U⇤
j�1/2)d2,j

⌘
.

Shock
detectors
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Classical numerical schemes

‣ Exact Godunov-type scheme

‣ First order Roe-type scheme

‣ Second order Roe-type scheme
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Classical numerical schemes

‣ Exact Godunov-type scheme

‣ First order Roe-type scheme

‣ Second order Roe-type scheme

Time discretisation: two-step Runge-Kutta method
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Numerical results

Since the resolution of 
the state is a classical 
problem, all the 
schemes give good 
results.
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term for the 
sensitivity.
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Numerical results

The same schemes with source term for the sensitivity:

Problems: ‣ the rarefaction is a discontinuity for the sensitivity, 
‣ the sensitivity value in the star zone is not correct.
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Convergence
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Scheme without numerical diffusion

Step 0 : initial data discretisation

t
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Scheme without numerical diffusion

Step 0 : initial data discretisation

Step 1 : solution of the Riemann problems, one for each interface
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Scheme without numerical diffusion
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Step 0 : initial data discretisation 

Step 1 : solution of the Riemann problems, one for each interface 

Step 2 : definition of a staggered mesh on which the average is performed 
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Step 0 : initial data discretisation 

Step 1 : solution of the Riemann problems, one for each interface 

Step 2 : definition of a staggered mesh on which the average is performed 

Step 3 : projection on the initial mesh
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Step 0 : initial data discretisation 

Step 1 : solution of the Riemann problems, one for each interface 

Step 2 : definition of a staggered mesh on which the average is performed 

Step 3 : projection on the initial mesh
\begin{tikzpicture}
% cn
\draw[thick, blue] (0, 2) -- (6, 2);
\draw[thick, dashed, blue] (-.5, 2) -- (0, 2);
\draw[thick, dashed, blue] (6, 2) -- (6.5, 2);
\foreach \i in {0,2,4,6}
  \draw [blue](\i, 1.9) -- (\i, 2.1);
\node [above] at (1, 2.1) {${\color{blue}\mathbf{U}_{j-1}}$};
\node [above] at (3, 2.1) {${\color{blue}\mathbf{U}_j}$};
\node [above] at (5, 2.1) {${\color{blue}\mathbf{U}_{j+1}}$};
% cd
\def\k{1.7};
\draw[thick, red] (0, \k) -- (6, \k);
\draw[thick, dashed, red] (-.5, \k) -- (0, \k);
\draw[thick, dashed, red] (6,\k) -- (6.5, \k);
\draw [red](.15, \k-.1) -- (0.15, \k+.1);
\draw [red](2.4, \k-.1) -- (2.4, \k+.1);
\draw [red](3.75, \k-.1) -- (3.75, \k+.1);
\draw [red](6, \k-.1) -- (6, \k+.1);
\node[below] at (1.275, \k-.1) {${\color{red}\overline{\mathbf{U}}_{j-1}}$};
\node[below] at (3.075, \k-.1) {${\color{red}\overline{\mathbf{U}}_{j}}$};
\node[below] at (4.875, \k-.1) {${\color{red}\overline{\mathbf{U}}_{j+1}}$};
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Results
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Convergence
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Conclusion and future development

‣ Extension to the Euler system 
‣ Extension to 2D 
‣ Applications

26

‣ We defined a sensitivity system valid in case of discontinuous state 
‣ The correction term is well defined 
‣ It is necessary to control the numerical diffusion in the shock

Conclusion:

Future development:
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