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SQG system under location uncertainty

LU framework: based on the following decomposition of the Lagrangian velocity in two 
components

one can compute the stochastic transport operator:

Dtb := dtb+ v⇤ ·rb dt+ �dBt ·rb� 1

2
r · (arb)dt,

<latexit sha1_base64="2AzP3px72/6IObkJxripjMJuROk="></latexit>

where
v⇤ = u� 1

2
r · a� �(r · �)

<latexit sha1_base64="X/ZnCEx49UgaUY0pjGiaFvIDBjU="></latexit>

Therefore, the surface quasi geostrophic system under location uncertainty is:
8
><

>:

Dtb = 0,

b = N(��)1/2 ,

u = r? ,

<latexit sha1_base64="xmlvzCCxcC93wmMza2SxNPLJ++U="></latexit>

1

dXt = u(Xt, t)dt+ �(Xt, t)dBt

<latexit sha1_base64="HZN/LpZd+kPgoa1RoUPcLHkebfU="></latexit>
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bt = bt0 +

Z t

t0

1

2
r · (arb)� v⇤ ·rb ds�

Z t

t0

rb · �dBs,

<latexit sha1_base64="LNEt3yBtcziutDnBnL8fXzkEgtw="></latexit>

The main equation is:

Towards the Milstein scheme

2

We model the noise by decomposing          onto a basis, with two different 
approaches: 

• POD approach 

• SVD approach

σdBt

σdBt ≃
N

∑
m=1

φm(x)dβm
t

σdBt ≃
N

∑
m=1

φm(bt)dβm
t
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We define the following functions:

f(bt, t) =
1

2
r · (arb)� v⇤ ·rb gm(bt, t) = rb · 'm

<latexit sha1_base64="x6C0pQRx/IUrzq1Q8V75oi9oSnc="></latexit>

The main equation is:

We can apply Itō formula for     and       , obtaining:f

<latexit sha1_base64="CzgOsCb5dn9rKCMHR0qbPmNYaK8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redfWmeV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDyoeM6A==</latexit>

gm

<latexit sha1_base64="hwHfsTOW84TcSXFSGyGuwRLqF04=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFnssePFY0X5Au5Zsmt2GJtklyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Gbud5+o0iyWD2aaUF/gSLKQEWysdB89imG54lbdBdA68XJSgRytYflrMIpJKqg0hGOt+56bGD/DyjDC6aw0SDVNMJngiPYtlVhQ7WeLU2fowiojFMbKljRoof6eyLDQeioC2ymwGetVby7+5/VTEzb8jMkkNVSS5aIw5cjEaP43GjFFieFTSzBRzN6KyBgrTIxNp2RD8FZfXiedq6pXq9bvapVmI4+jCGdwDpfgwTU04RZa0AYCETzDK7w53Hlx3p2PZWvByWdO4Q+czx9Ky43I</latexit>

f(bt, t) = f(bt0 , t0) +

Z t

t0

@f

@s
(bs, s)ds+

Z t

t0

@f

@b
(bs, s)dbs +

1

2

Z t

t0
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@b2
(bs, s)dhb, bis

<latexit sha1_base64="EhMn1THqdB3yAWa6fpmo+1V68r0="></latexit>
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<latexit sha1_base64="p6pLnOMcCMMSiu26u9OHlnuY4vk="></latexit>
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bt = bt0 +

Z t

t0

1

2
r · (arb)� v⇤ ·rb ds�

Z t

t0

rb · �dBs,

<latexit sha1_base64="LNEt3yBtcziutDnBnL8fXzkEgtw="></latexit>

X

m

'md�m
s ,
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f(bt, t) =
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hb, bit = h
Z ·

t0

X

m

gm(bs, s)d�
m
s ,

Z ·

t0

X

k

gk(b⌧ , ⌧)d�
k
⌧ it =

Z t

t0

 
X

m

gm(bs, s)

!2

ds

<latexit sha1_base64="9BBHvasKqWTwzgXefoVOCgEwKnM="></latexit>

Towards the Milstein scheme

The bracket is:

As for the derivatives, we suppose to be in either one of the following cases:

•     and    (therefore      ) do not depend on    and 
•     and     depend on    and 
a

<latexit sha1_base64="zW0p5iXIrLAgBZa4Im6GB+RPx1o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XvunrTvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBwvOM4w==</latexit>

a

<latexit sha1_base64="zW0p5iXIrLAgBZa4Im6GB+RPx1o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XvunrTvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBwvOM4w==</latexit>

�
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<latexit sha1_base64="HgLMH9VHqoCeVuTSjmHoPZSFoI0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redfWmeV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDxHeM5A==</latexit>

r · v⇤ = 0

<latexit sha1_base64="tzBNRZEYNvakfXwSo2tdLskDAdM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgLkoiFbsRCm5cVrAPaGKZTCbt0MlMmJkUSujKjb/ixoUibv0Gd/6Nk7YLbT1w4XDOvdx7T5AwqrTjfFuFldW19Y3iZmlre2d3z94/aCmRSkyaWDAhOwFShFFOmppqRjqJJCgOGGkHw5vcb4+IVFTwez1OiB+jPqcRxUgbqWcfexwFDEEPh0JDL0Z6EETZaPJwDq+h07PLTsWZAi4Td07KYI5Gz/7yQoHTmHCNGVKq6zqJ9jMkNcWMTEpeqkiC8BD1SddQjmKi/Gz6xgSeGiWEkZCmuIZT9fdEhmKlxnFgOvM71aKXi/953VRHNT+jPEk14Xi2KEoZ1ALmmcCQSoI1GxuCsKTmVogHSCKsTXIlE4K7+PIyaV1U3Grl8q5artfmcRTBETgBZ8AFV6AObkEDNAEGj+AZvII368l6sd6tj1lrwZrPHII/sD5/AI4el9w=</latexit>

r · v⇤ = r ·r · a = r · � = 0

<latexit sha1_base64="E1oZCr2aEpZJlLYrYb3qDz+icVE=">AAACOnicbVDLSgMxFM3UV62vqks3wSKIizIjFbsRCm5ctmAf0KnlTpppQzOZIckUytDvcuNXuHPhxoUibv0AM20XfXggcHLOvSTneBFnStv2m5XZ2Nza3snu5vb2Dw6P8scnDRXGktA6CXkoWx4oypmgdc00p61IUgg8Tpve8D71myMqFQvFox5HtBNAXzCfEdBG6uZrrgCPA3ZJL9TYDUAPPD8ZTZ6u8B1e9hYvsOYq1g9S1e7mC3bRngKvE2dOCmiOajf/6vZCEgdUaMJBqbZjR7qTgNSMcDrJubGiEZAh9GnbUAEBVZ1kGn2CL4zSw34ozREaT9XFjQQCpcaBZybTbGrVS8X/vHas/XInYSKKNRVk9pAfc6xDnPaIe0xSovnYECCSmb9iMgAJRJu2c6YEZzXyOmlcF51S8aZWKlTK8zqy6Aydo0vkoFtUQQ+oiuqIoGf0jj7Rl/VifVjf1s9sNGPNd07REqzfP9Abq4w=</latexit>

Then we have:

@f

@b
(b)b = f(b)

<latexit sha1_base64="bY1wDUtRmELkYplZSfz94bwis3w=">AAACHHicbVDLSgMxFM34rPU16tJNsAjtpsxoxW6EghuXFewDOkNJ0kwbmskMSUYow3yIG3/FjQtF3LgQ/BszbUFtvRA4nHPPvbkHx5wp7Thf1srq2vrGZmGruL2zu7dvHxy2VZRIQlsk4pHsYqQoZ4K2NNOcdmNJUYg57eDxda537qlULBJ3ehJTP0RDwQJGkDZU3z73AolI6sVIaoY4DLIfjLOyFxlzPjvFWQXDKxiUcaVvl5yqMy24DNw5KIF5Nfv2hzeISBJSoQlHSvVcJ9Z+mq8hnGZFL1E0RmSMhrRnoEAhVX46PS6Dp4YZwCCS5gkNp+xvR4pCpSYhNp0h0iO1qOXkf1ov0UHdT5mIE00FmS0KEg51BPOk4IBJSjSfGICIZOavkIyQSUubPIsmBHfx5GXQPqu6terFba3UqM/jKIBjcALKwAWXoAFuQBO0AAEP4Am8gFfr0Xq23qz3WeuKNfccgT9lfX4DhGahjA==</latexit>

@gm

@b
(b)b = gm(b)

<latexit sha1_base64="a7mbsjbkrieXCOoLmJjbx53dsYI=">AAACIHicbVDLSgMxFM3UV62vUZdugkVoN2VGKu1GKLhxWcE+oDOWJM20oZkHSUYow3yKG3/FjQtFdKdfY6YdUFsvBE7OOTc39+CIM6ks69MorK1vbG4Vt0s7u3v7B+bhUVeGsSC0Q0Ieij5GknIW0I5iitN+JCjyMac9PL3K9N49FZKFwa2aRdT10ThgHiNIaWpoNhxPIJI4ERKKIQ7Hd376c8NpxQl1e/Z6gtMqhpeZo4KrQ7Ns1ax5wVVg56AM8moPzQ9nFJLYp4EiHEk5sK1IuUk2iHCalpxY0giRKRrTgYYB8ql0k/mCKTzTzAh6odAnUHDO/u5IkC/lzMfa6SM1kctaRv6nDWLlNd2EBVGsaEAWg7yYQxXCLC04YoISxWcaICKY/iskE6QTUzrTkg7BXl55FXTPa3a9dnFTL7eaeRxFcAJOQQXYoAFa4Bq0QQcQ8ACewAt4NR6NZ+PNeF9YC0becwz+lPH1DdYjo0w=</latexit>

4
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By replacing everything in the Itō formulas and then into the main equation, one finds:

bt = bt0 + f(bt0)�t�
X

m

gm(bt0)��m +

Z t

t0

Z s

t0

X

m,k

gm(gk(b⌧ ))d�
k
⌧ d�

m
s

<latexit sha1_base64="l7WSB63n4x7J0U/K3s3xpyrr7m4="></latexit>

Euler-Maruyama

Milstein scheme

Gm,k := gm(gk(bt0))

<latexit sha1_base64="YxNPHUnmEfoeumVDmeK1U+YhyM8=">AAACBXicbVDLSgMxFM34rPVVdamLYBFakDIjFYsgFFzosoJ9QB9DJs20YZLMkGSEMnTjxl9x40IRt/6DO//GtJ2Fth64cDjnXu69x4sYVdq2v62l5ZXVtfXMRnZza3tnN7e331BhLDGp45CFsuUhRRgVpK6pZqQVSYK4x0jTC64nfvOBSEVDca9HEelyNBDUpxhpI7m5o5tewk+DMby8goMeLwx6QcFzE+3a42LRzeXtkj0FXCROSvIgRc3NfXX6IY45ERozpFTbsSPdTZDUFDMyznZiRSKEAzQgbUMF4kR1k+kXY3hilD70Q2lKaDhVf08kiCs14p7p5EgP1bw3Ef/z2rH2K92EiijWRODZIj9mUIdwEgnsU0mwZiNDEJbU3ArxEEmEtQkua0Jw5l9eJI2zklMund+V89VKGkcGHIJjUAAOuABVcAtqoA4weATP4BW8WU/Wi/Vufcxal6x05gD8gfX5A9W0ltk=</latexit>

Im,k :=

Z t

t0

Z s

t0

d�k
⌧ d�

m
s

<latexit sha1_base64="mLOQK1rLBFGp4BDd7iib8/CoevU="></latexit>

We define the following quantities:

Then the double integral in (1) can be approximated with:

(1)

X

m,k

Gm,kIm,k =
X

m,k

Gm,k I
m,k + Ik,m

2
+Gm,k I

m,k � Ik,m

2

<latexit sha1_base64="htRnNFnXNAVcCvGnr2NDQlq7+Kc=">AAACWnicbVFbS8MwGE2r7uplXt58CQ5BcI52TNyLMPBBfZvgLrDNkWbpFpa0NUmFUfonfRHBvyKYbhV02wfhOznnfCQ5cQJGpbKsT8Pc2t7JZHP5QnF3b/+gdHjUkX4oMGljn/mi5yBJGPVIW1HFSC8QBHGHka4zu0v07hsRkvres5oHZMjRxKMuxUhpalR6HciQjyJemcXw/mXZH9N+CzeIA1cgHP1aLhPzrMLjOKolu82uq7+uUalsVa1FwXVgp6AM0mqNSu+DsY9DTjyFGZKyb1uBGkZIKIoZiQuDUJIA4RmakL6GHuJEDqNFNDE818wYur7Qy1Nwwf6diBCXcs4d7eRITeWqlpCbtH6o3MYwol4QKuLh5UFuyKDyYZIzHFNBsGJzDRAWVN8V4inSqSj9GwUdgr365HXQqVXtevX6qV5uNtI4cuAUnIELYIMb0AQPoAXaAIMP8G1kjKzxZZpm3iwuraaRzhyDf2We/ABJfLLX</latexit>

= ��m��k � �m,k�t

<latexit sha1_base64="kzHtHdJ1VshqqfD4+ANB+wFaE8A=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8aNmVil6Egh48VrCt0F1LNp1qaLK7JLNCWfpTvPhXvHhQRG/6a0zbFfx6MPDy3gyZeWEihUHXfXempmdm5+YLC8XFpeWV1dLaetPEqebQ4LGM9WXIDEgRQQMFSrhMNDAVSmiF/ZOR37oFbUQcXeAggUCx60j0BGdopU7p8Jj6pyCRUT8EZFfq57NP96jfHQmdTO32h18udkplt+KOQf8SLydlkqPeKb353ZinCiLkkhnT9twEg4xpFFzCsOinBhLG++wa2pZGTIEJsvGBQ7ptlS7txdpWhHSsfp/ImDJmoELbqRjemN/eSPzPa6fYOwoyESUpQsQnH/VSSTGmo7RoV2jgKAeWMK6F3ZXyG6YZR5tp0Ybg/T75L2nuV7xq5eC8Wq4d5XEUyCbZIjvEI4ekRs5InTQIJ3fkgTyRZ+feeXRenNdJ65STz2yQH3A+PgE0zKHE</latexit>

Lévy area, 
which can 
be simulated

weak approximation

recursive (conditional) 
approximation
neglected

5

Remark: if     is symmetric (i.e.                   ), then the Lévy area is not necessary:G Gm,k = Gk,m

∑
m,k

Gm,kIm,k = 1
2 ∑

m,k
Gm,kIm,k + Gk,mIk,m = ∑

m,k
Gm,k Im,k + Ik,m

2
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Numerical results

Milstein - weakEuler Maruyama
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POD noise
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SVD noise
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Numerical results
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SVD noise

POD noise
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Numerical results
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A necessary condition for ensemble reliability is that the mean squared error (MSE) of 
the ensemble mean forecast is close to the mean ensemble variance:

MSE =
NX

n=1

⇣
Ê[bn]� bobsn

⌘2
' C

 
1

N

NX

n=1

V̂ar[bn]

!
= MEV

<latexit sha1_base64="4STFcZMt/v0cjgeljJK6QSEO9fQ="></latexit>

9

POD noise 
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SVD noise 
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Numerical results
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SVD noise
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Is        symmetric after all?Gm,k

Gm,k = ∇ ⋅ (φmφT
k ∇b)

Φm,k := φmφT
k

Milstein scheme for SQG under LU

∥ΦA∥
∥ΦS∥ ∀m, k

ΦA = Φm,k − Φk,m

2

ΦS = Φm,k + Φk,m

2

We recall the following definition:

And introduce the following 
matrices:

The symmetric and 
antisymmetric parts are:

for the POD noise

12 / 13  
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Conclusion and perspectives

Conclusion
• Milstein schemes improve significantly the numerical results; 
• The Lévy area does not seem to play a key role in these test cases. 

Perspectives
• Understand if the (non) importance of the Lévy area is related to the test case, the 

equations, or other factors 
• Apply this numerical scheme to other equations, starting with barotropic QG.
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