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SQG system under location uncertainty

LU framework: based on the following decomposition of the Lagrangian velocity in two
components

dXt = U(Xt, t)dt -+ O'(Xt, t)dBt
one can compute the stochastic transport operator:
1
Dtb = dtb —+ V>|< - Vb dt —+ O'dBt - Vb — §V . (&Vb)dt,

where

1
V*:u—§v-a—a(v-0)

Therefore, the surface quasi geostrophic system under location uncertainty is:

(Dtb — O,
b= N(=A)"2y,
\u = V4,
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Towards the Milstein scheme

The main equation is:

t 1 t
bt:bto—l—/ iv-(aVb)—v*-Vbds—/ Vb - 0dBg,
to to

We model the noise by decomposing odB, onto a basis, with two different
approaches:

e POD approach ¢dB, ~ Zgom(x)dﬁt

N
e SVD approach ¢dB zz _(b)dp"
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Towards the Milstein scheme

The main equation is:

by = by, + / —V - (aVb) —v* - Vb ds — Vb cdBg,

to
\Z Spmdﬁ
We define the following functions:
1
f(bg,t) = QV - (aVb) —v* - Vb g" (b, t) =Vb- o,

We can apply Ito formula for f and g™, obtaining:

tof
, Ob

a2f

22 (b, 5)db, + i

Fn6) = flbugsto) + [ L (bas)as+ | (bay 5)(b, b}

tﬁgm tﬁgm 1 t&QQm
My t) = g™ (b, .t 99 (b, 5)d Y9 by )b + = [ 2L (b, $)d(b.b),
70 t) = " b to) + | 51 b s)ds 4 [T )bt g [ G bl
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=0
‘of ‘of an
F(best) = f(br . to) + /t g 0= 9)s + | 5 (0w, 5)ab, + iz 0s-9)d0 0,
- . t agm t 8gm 1 t 82gm
g (btat) — 9 (btoato) + /to % (b878)d8 + " % (b878)db8 + 5 " w (bS,S)d<b, b>8
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Towards the Milstein scheme

The bracket Is:

/ ™ (b, s)dB™ / kb, 7)dBE) /(Zg bs,s>2ds
to to g

As for the derivatives, we suppose to be in either one of the following cases:

m

e ¢ and o (therefore ¢") do not dependon band V- -v* =0

e ¢ and o dependonband V- vi =V:-V:-a=V.-0=0
Then we have:

(9f— g™ -
Sop=f0) L Eh=gm0)
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Milstein scheme

By replacing everything in the 1td0 formulas and then into the main equation, one finds:

EuIer-Maruyama

We define the following quantities: weak approximation
t S : "
)
e Tk ::/ / k1 om recursive (qondltlona
9" (9" (bs)) e dprdp; approximation
neglected

Then the double integral in (1) can be approximated with:
— AﬁmAﬁk m kAt

Levy area
m,k k,m m,k _ 7k,m ’
Z Gk pmok Z Gk Ll 4 qmok ! 4 which can

2 2 be simulated

m,k m,k
Remark: if G is symmetnc (i.e. G™k = G*™), then the Lévy area is not necessary:

kymk __ ko ym.k k,m 7k, klmk_l_lkm
EG’"’I’"’ EG’" [ 4 Ggmpem = EG’"
m.k 2

Camilla Fiorini Milstein scheme for SQG under LU 5 /13




Numerical results

POD noise
Euler Maruyama Milstein - weak
One realization One realization
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Numerical results

SVD noise
Euler Maruyama Milstein - weak
One realization One realization
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Numerical results

Mean spectrum of buoyancy at day = 30 Spectrum of buoyancy at day = 30
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Numerical results

A necessary condition for ensemble reliability is that the mean squared error (MSE) of
the ensemble mean forecast is close to the mean ensemble variance:

N 5 1 N
MSE = (E[bn] _ b;;bS) ~ O [ & > Varlb,] | = MEV
n— n=1
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Numerical results
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Numerical results

SVD noise
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Vm, k forthe POD noise

el

Is G symmetric after all?

We recall the following definition:
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Conclusion and perspectives

Conclusion
¢ Milstein schemes improve significantly the numerical results;

e [he Lévy area does not seem to play a key role in these test cases.

Perspectives

e Understand if the (non) importance of the Lévy area is related to the test case, the
eqguations, or other factors

e Apply this numerical scheme to other equations, starting with barotropic QG.
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