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SQG system under location uncertainty

LU framework: based on the following decomposition of the Lagrangian velocity in two 
components

one can compute the stochastic transport operator:

Dtb := dtb+ v⇤ ·rb dt+ �dBt ·rb� 1

2
r · (arb)dt,

<latexit sha1_base64="2AzP3px72/6IObkJxripjMJuROk="></latexit>

where

v⇤ = u� 1

2
r · a� �(r · �)

<latexit sha1_base64="X/ZnCEx49UgaUY0pjGiaFvIDBjU="></latexit>

Therefore, the surface quasi geostrophic system under location uncertainty is:
8
><

>:

Dtb = 0,

b = N(��)1/2 ,

u = r? ,

<latexit sha1_base64="xmlvzCCxcC93wmMza2SxNPLJ++U="></latexit>

dXt = u(Xt, t)dt+ �(Xt, t)dBt

<latexit sha1_base64="HZN/LpZd+kPgoa1RoUPcLHkebfU="></latexit>
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We then define the following functions:

f(bt, t) =
1

2
r · (arb)� v⇤ ·rb gm(bt, t) = rb · 'm

<latexit sha1_base64="x6C0pQRx/IUrzq1Q8V75oi9oSnc="></latexit>

The main equation is:

We can apply Itō formula for     and       , obtaining:f

<latexit sha1_base64="CzgOsCb5dn9rKCMHR0qbPmNYaK8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redfWmeV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDyoeM6A==</latexit>

gm

<latexit sha1_base64="hwHfsTOW84TcSXFSGyGuwRLqF04=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFnssePFY0X5Au5Zsmt2GJtklyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Gbud5+o0iyWD2aaUF/gSLKQEWysdB89imG54lbdBdA68XJSgRytYflrMIpJKqg0hGOt+56bGD/DyjDC6aw0SDVNMJngiPYtlVhQ7WeLU2fowiojFMbKljRoof6eyLDQeioC2ymwGetVby7+5/VTEzb8jMkkNVSS5aIw5cjEaP43GjFFieFTSzBRzN6KyBgrTIxNp2RD8FZfXiedq6pXq9bvapVmI4+jCGdwDpfgwTU04RZa0AYCETzDK7w53Hlx3p2PZWvByWdO4Q+czx9Ky43I</latexit>

f(bt, t) = f(bt0 , t0) +

Z t

t0

@f

@s
(bs, s)ds+

Z t

t0

@f

@b
(bs, s)dbs +

1

2

Z t

t0

@2f

@b2
(bs, s)dhb, bis

<latexit sha1_base64="EhMn1THqdB3yAWa6fpmo+1V68r0="></latexit>

gm(bt, t) = gm(bt0 , t0) +

Z t

t0

@g

@s

m

(bs, s)ds+

Z t

t0

@g

@b

m

(bs, s)dbs +
1

2

Z t

t0

@2g

@b2

m

(bs, s)dhb, bis

<latexit sha1_base64="p6pLnOMcCMMSiu26u9OHlnuY4vk="></latexit>

=0

=0

Towards the Milstein scheme

bt = bt0 +

Z t

t0

1

2
r · (arb)� v⇤ ·rb ds�

Z t

t0

rb · �dBs,

<latexit sha1_base64="LNEt3yBtcziutDnBnL8fXzkEgtw="></latexit>

X

m

'md�m
s ,

<latexit sha1_base64="NTG6cGSJkmUs2nVcpOAkC/lH3cM=">AAACD3icbZBNS8NAEIY39Tt+RT16WSyKBymJVOxR8OJRwarQxLDZTtulu0nYnRRL6D/w4l/x4kERr169+W9Mag9qfWHh4Z0ZZueNUikMuu6nVZmZnZtfWFyyl1dW19adjc0rk2SaQ5MnMtE3ETMgRQxNFCjhJtXAVCThOuqflvXrAWgjkvgShykEinVj0RGcYWGFzp5vMhUq6g+YTnuiJIQ7zNsj6keALDS36sC2Q6fq1tyx6DR4E6iSic5D58NvJzxTECOXzJiW56YY5Eyj4BJGtp8ZSBnvsy60CoyZAhPk43tGdLdw2rST6OLFSMfuz4mcKWOGKio6FcOe+Vsrzf9qrQw7jSAXcZohxPx7USeTFBNahkPbQgNHOSyAcS2Kv1LeY5pxLCIsQ/D+njwNV4c1r147uqhXTxqTOBbJNtkh+8Qjx+SEnJFz0iSc3JNH8kxerAfryXq13r5bK9ZkZov8kvX+BR92nAY=</latexit>
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We model the noise 
by decomposing it 
onto a basis using a 
POD approach
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By replacing everything in the Itō formulas and then into the main equation, one finds:

bt = bt0 + f(bt0)�t�
X

m

gm(bt0)��m +

Z t

t0

Z s

t0

X

m,k

gm(gk(b⌧ ))d�
k
⌧ d�

m
s

<latexit sha1_base64="l7WSB63n4x7J0U/K3s3xpyrr7m4="></latexit>

Euler-Maruyama

Milstein scheme

Gm,k := gm(gk(bt0))

<latexit sha1_base64="YxNPHUnmEfoeumVDmeK1U+YhyM8=">AAACBXicbVDLSgMxFM34rPVVdamLYBFakDIjFYsgFFzosoJ9QB9DJs20YZLMkGSEMnTjxl9x40IRt/6DO//GtJ2Fth64cDjnXu69x4sYVdq2v62l5ZXVtfXMRnZza3tnN7e331BhLDGp45CFsuUhRRgVpK6pZqQVSYK4x0jTC64nfvOBSEVDca9HEelyNBDUpxhpI7m5o5tewk+DMby8goMeLwx6QcFzE+3a42LRzeXtkj0FXCROSvIgRc3NfXX6IY45ERozpFTbsSPdTZDUFDMyznZiRSKEAzQgbUMF4kR1k+kXY3hilD70Q2lKaDhVf08kiCs14p7p5EgP1bw3Ef/z2rH2K92EiijWRODZIj9mUIdwEgnsU0mwZiNDEJbU3ArxEEmEtQkua0Jw5l9eJI2zklMund+V89VKGkcGHIJjUAAOuABVcAtqoA4weATP4BW8WU/Wi/Vufcxal6x05gD8gfX5A9W0ltk=</latexit>

Im,k :=

Z t

t0

Z s

t0

d�k
⌧ d�

m
s

<latexit sha1_base64="mLOQK1rLBFGp4BDd7iib8/CoevU="></latexit>

We define the following quantities:

Then the double integral in (1) can be approximated with:

(1)

X

m,k

Gm,kIm,k =
X

m,k

Gm,k I
m,k + Ik,m

2
+Gm,k I

m,k � Ik,m

2

<latexit sha1_base64="htRnNFnXNAVcCvGnr2NDQlq7+Kc=">AAACWnicbVFbS8MwGE2r7uplXt58CQ5BcI52TNyLMPBBfZvgLrDNkWbpFpa0NUmFUfonfRHBvyKYbhV02wfhOznnfCQ5cQJGpbKsT8Pc2t7JZHP5QnF3b/+gdHjUkX4oMGljn/mi5yBJGPVIW1HFSC8QBHGHka4zu0v07hsRkvres5oHZMjRxKMuxUhpalR6HciQjyJemcXw/mXZH9N+CzeIA1cgHP1aLhPzrMLjOKolu82uq7+uUalsVa1FwXVgp6AM0mqNSu+DsY9DTjyFGZKyb1uBGkZIKIoZiQuDUJIA4RmakL6GHuJEDqNFNDE818wYur7Qy1Nwwf6diBCXcs4d7eRITeWqlpCbtH6o3MYwol4QKuLh5UFuyKDyYZIzHFNBsGJzDRAWVN8V4inSqSj9GwUdgr365HXQqVXtevX6qV5uNtI4cuAUnIELYIMb0AQPoAXaAIMP8G1kjKzxZZpm3iwuraaRzhyDf2We/ABJfLLX</latexit>

= ��m��k � �m,k�t

<latexit sha1_base64="kzHtHdJ1VshqqfD4+ANB+wFaE8A=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8aNmVil6Egh48VrCt0F1LNp1qaLK7JLNCWfpTvPhXvHhQRG/6a0zbFfx6MPDy3gyZeWEihUHXfXempmdm5+YLC8XFpeWV1dLaetPEqebQ4LGM9WXIDEgRQQMFSrhMNDAVSmiF/ZOR37oFbUQcXeAggUCx60j0BGdopU7p8Jj6pyCRUT8EZFfq57NP96jfHQmdTO32h18udkplt+KOQf8SLydlkqPeKb353ZinCiLkkhnT9twEg4xpFFzCsOinBhLG++wa2pZGTIEJsvGBQ7ptlS7txdpWhHSsfp/ImDJmoELbqRjemN/eSPzPa6fYOwoyESUpQsQnH/VSSTGmo7RoV2jgKAeWMK6F3ZXyG6YZR5tp0Ybg/T75L2nuV7xq5eC8Wq4d5XEUyCbZIjvEI4ekRs5InTQIJ3fkgTyRZ+feeXRenNdJ65STz2yQH3A+PgE0zKHE</latexit>

Lévy area, 
which can 
be simulated

weak approximation
neglected

Remark: if     is symmetric (i.e.                   ), then the Lévy area is not necessary:G Gm,k = Gk,m

∑
m,k

Gm,kIm,k =
1
2 ∑

m,k

Gm,kIm,k + Gk,mIk,m = ∑
m,k

Gm,k Im,k + Ik,m

2
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Multi-step scheme

The final aim being to use Milstein scheme in a multi-step Runge-Kutta type method, 
we started studying Runge-Kutta methods in the stochastic framework, starting with 
SSPRK3 [1] and Heun [2].

[1] Numerically modeling stochastic Lie transport in fluid dynamics, Multiscale Modeling & Simulation 17.1 (2019): 
192-232. C. Cotter, D. Crisan, D. Holm, W. Pan and I. Shevchenko.

{
dtb = fs(b, u) + gs(b) ∘ dBt

u = − κ∇⊥Δ−1/2b =: ℋ(b)

b(1) = bn + fs(bn, un)Δt + gs(bn)ΔBn

u(1) = ℋ(b(1))

b(2) = 3
4 bn + 1

4 (b(1) + fs(b(1), u(1))Δt + gs(b(1))ΔBn)
u(2) = ℋ(b(2))

bn+1 = 1
3 bn + 2

3 (b(2) + fs(b(2), u(2))Δt + gs(b(2))ΔBn)

SSPRK3 [1]

First, we rewrite the system in Stratonovich form: 

Heun [2]

b(1) = bn + fs(bn, un)Δt + gs(bn)ΔBn

u(1) = ℋ(b(1))

bn+1 = 1
2 bn + 1

2 (b(1) + fs(b(1), u(1))Δt + gs(b(1))ΔBn)

[2] Modelling uncertainty using stochastic transport noise in a 2-layer quasi-geostrophic model. Foundations of 
Data Science, 2.2 (2020). C. Cotter, D. Crisan, D. Holm, W. Pan and I. Shevchenko.
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Convergence

𝔼 [∥b(T, x) − bh(nΔt, x)∥] ≤ CΔtγ
We want to estimate the 
rate of convergence

but we don’t know the 
exact solution

‣ We used a fixed spatial mesh of 128x128 
‣ We chose       = 60, 120, 240s 
‣ 100 samples 
‣ 1 day of simulation

Δt

With three (“small enough”) values of       one can provide the following estimate of Δt γ

γ = log2 ( e1

e2 ) e1 := 𝔼 [ S̃(T, Δt) − S̃ (T,
Δt
2 ) ] e2 := 𝔼 [ S̃ (T,

Δt
2 ) − S̃ (T,

Δt
4 ) ]
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Numerical results - noise x1

Euler Maruyama

7
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Numerical results - noise x10

Euler Maruyama
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Numerical results

10-2
10-1

100

10-2

10-2

10-1

9

𝔼 [∥b(T, x) − bh(nΔt, x)∥] ≤ CΔtγ
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Conclusion and perspectives

Conclusion
• Milstein schemes improve the numerical results, in particular when used in a multi-

step framework; 
• The Lévy area does not seem to play a key role in these test cases, which allows us 

to drastically reduce the computational costs; 
• Under weak noise, all the schemes tested provide very similar results. 

Perspectives
• Understand if the (non) importance of the Lévy area is related to the test case, the 

equations, or other factors; 
• Apply this numerical scheme to other equations, starting with barotropic QG.
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