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» Sensitivity analysis



Sensitivity Analysis

Sensitivity analysis: study of how changes in the inputs of a model affect the outputs

|

input ’ ’ output
parameters model (state)

a U

Sensitivity: 9u =U,
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Two approaches

Discretise then differentiate Differentiate then discretise
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—— no discretisation of
computational
facilitators

: could lead to
\— inconsistent gradients
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Standard techniques of sensitivity analysis

Standard techniques of sensitivity analysis call for the differentiation of the state system:

U+ 8,F(U)=0 Qx(0,T),
U(z,0) = g(z) Q,

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus
Mathematique, 335(10), 839-845.

Camilla Fiorini Séminaire de Modélisation et Calcul Scientifique 4 /36




Standard techniques of sensitivity analysis

Standard techniques of sensitivity analysis call for the differentiation of the state system:

0.(0:U) + 0,(0,F(U)) =0 Qx(0,T),
6aU(x7 0) = 8ag(z) Q,

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus
Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis

Standard techniques of sensitivity analysis call for the differentiation of the state system:

/Y )
{aa(a,,U) + 0.0, F(U) =0 Qx (0,7),

6aU(x7 0) = 8ag(z) Q,

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus
Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis

Standard techniques of sensitivity analysis call for the differentiation of the state system:

Uy +8,F (U, Uy) =0 Qx(0,T),
Ua(z,0) = ga(z) Q,

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus
Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis

Standard techniques of sensitivity analysis call for the differentiation of the state system:

0 Ua +0,Fo(U,U) =0 Qx (0,T), For thezBurgers equation:
U, (,0) = gala) Q, FU) =% Fu(U,U,) = uu,

This can be done under hypotheses of regularity of the state U[1].

If these techniques are applied to hyperbolic equations, Dirac delta functions will appear
in the sensitivity.

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus
Mathematique, 335(10), 839-845.
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» Sensitivity analysis for hyperbolic equations



Definition of the source term

In order to have a sensitivity system which is valid also when the state is discontinuous,
we add a correction term [2]:

WU, +0,Fa(U,U,) =S Qx(0,T),
U (2,0) = ga(2) Q,

defined as follows: ) _—
number of discontinuities

position of the k-th discontinuity

amplitude of the k-th correction
(to be computed)

Remark: a shock detector is necessary to discretise such source term.

[2] Guinot, V., Delenne, C., Cappelaere, B. (2009). An approximate Riemann solver for sensitivity equations with
discontinuous solutions. Advances in Water Resources, 32(1), 61-77.
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Definition of the source term

To compute the amplitude of the correction, we consider an infinitesimal control volume
containing a single discontinuity: o
ta

By integrating the sensitivity equations with the source term on the control volume, one
has: pr= (U, = U)o +Ff —F,
Rankine-Hugoniot conditions for the state: (U — U™ )o = FT —F~

Differentiating them w.r.t. the parameter:

(U;r — U;)O‘k + (U+ — Uf)o'k,a + 0, (0, U — 0, U7 )0 21 (1)

—Ft _F— &/ T ,w') T i),') (1)
—Ff_Fo 4 ( 50U 5 U ) Gutiea0).
Finally, we obtain the following amplitude:
(OF(UT) OF(U™) )
pr = (Ut —U)opo+ 00 (0, U — 0, U )02 (1) — <( T 0, U }‘,l 0, U )u,,.m s(1).
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» Riemann problem for the Euler equations and their sensitivity



The Riemann problem for Euler equations

The Euler equations are:

Eigenvalues: Eigenvectors:

Op + 0z (pu) =0, MU)=u—c, 11(U)=(1,u—cH—uc),
O (pu) + 0z (pu® + p) = 0, A2 (U) = u,

O (pE) + 0u(u(pE + p)) = 0,

ro(U) = (1,u, “72)",
M(U)=u+c  r3(U)=(1,u+c H+uc).
Genuinely nonlinear

Camilla Fiorini
:
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The Riemann problem for Euler equations

The Euler equations are: Eigenvalues:

Eigenvectors:
Op + 0 (pu) =0, MU)=u—c, 1(U)=(L,u—c, H—uc),
A (pu) + 9y (pu® +p) =0, A2(U) = u,

r2(U) = (Lu, %),
Oi(pE) + 0:(u(pE +p)) =0,  M(U)=u+c.  r3(U) = (1,u+c, H+uc)t.

Linearly degenerate
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The Riemann problem for Euler equations

The Euler equations are: Eigenvalues:

Eigenvectors:
Op + 0 (pu) =0, MU)=u—c, 1 (U)=(1u 7‘(:,H7u,c)t.,
0 (pu) + 0z (pu? +p) =0, A2(U) = u,

ra(U) = (Lu, )",
O (pE) + 0, (u(pE +p)) =0, A3(U)=u+c.

r3(U) = (L,u+c, H + uc)'.
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The Riemann problem for the sensitivity equations

The sensitivity system is: Eigenvalues:
Otpa + Ox(pu)a = S1, MU)=u—c,
at(/)u)a + arn(ﬁauz + 2puug + pa) = 52, )‘2(U> =1u,
0t(pE)a + 0z (ua(pE + p) + u((pE)a + pa)) = S3, A3(U) =u+e.
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» Classical numerical schemes



Classical numerical schemes

Godunov-type schemes

approximate Riemann
Step 0 : initial data discretisation solvers are used

Step 1 : solution of a Riemann problem for each interface z;_1,2 obtaining v(z,¢"**)

1 [Tit1/2
Step 2:average ViT'= —/ v(z, t"t)dz

Y
Tj+1/2 T
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Classical numerical schemes

0, U +0,F(U)=0 N,
U, +0,F,(U,U,) =S(U)  S(U) =) oa (U} —Uy)
k=1

Remark: HLL-type schemes cannot be used for the state, two intermediate star
states are necessary to have a well-defined the source term for the sensitivity.

Approximate Riemann solver for the state

» First order Roe-type scheme
AMOP —q ¢ NOP =7 A9FP=44+¢& Roe-averaged eigenvalues

Ur—-Up = Zalfi decomposition along Roe-averaged eigenvectors
k=1
U} =UL + a1ty Ui =Upg — o373

[3] Bouchut, F. (2004). Nonlinear stability of finite Volume Methods for hyperbolic conservation laws: And Well-Balanced
schemes for sources. Springer Science & Business Media.
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Classical numerical schemes

0, U +0,F(U)=0 N,
U, +0,F,(U,U,) =S(U)  S(U) =) oa (U} —Uy)
k=1

Remark: HLL-type schemes cannot be used for the state, two intermediate star
states are necessary to have a well-defined the source term for the sensitivity.

Approximate Riemann solver for the state
» First order Roe-type scheme
» Second order Roe-type scheme

Time discretisation: two-step Runge-Kutta method
Space discretisation: MUSCL-type scheme [3]

Tj-3/2 Tj-1/2 Tj+1/2 Tj+3/2 JT

[3] Bouchut, F. (2004). Nonlinear stability of finite Volume Methods for hyperbolic conservation laws: And Well-Balanced
schemes for sources. Springer Science & Business Media.
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Classical numerical schemes

0, U +0,F(U)=0 N,
U, +0,F,(U,U,) =S(U)  S(U) =) oa (U} —Uy)
k=1

Remark: HLL-type schemes cannot be used for the state, two intermediate star
states are necessary to have a well-defined the source term for the sensitivity.

Approximate Riemann solver for the state
» First order Roe-type scheme
» Second order Roe-type scheme

Time discretisation: two-step Runge-Kutta method
Space discretisation: MUSCL-type scheme [3]

Tj-3/2 Tj-1/2 Tj+1/2 Tj+3/2 z

[3] Bouchut, F. (2004). Nonlinear stability of finite Volume Methods for hyperbolic conservation laws: And Well-Balanced
schemes for sources. Springer Science & Business Media.
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Classical numerical schemes

0, U +0,F(U)=0 N,
U, +0,F,(U,U,) =S(U)  S(U) =) oa (U} —Uy)
k=1

Remark: HLL-type schemes cannot be used for the state, two intermediate star
states are necessary to have a well-defined the source term for the sensitivity.

Approximate Riemann solver for the state
» First order Roe-type scheme
» Second order Roe-type scheme
Time discretisation: two-step Runge-Kutta method
Space discretisation: MUSCL-type scheme [3]
Uj—1/4

T T T T
Tj_3/2 Tj_1/2 Tjt1/2 Ljt+3/2 x

[3] Bouchut, F. (2004). Nonlinear stability of finite Volume Methods for hyperbolic conservation laws: And Well-Balanced
schemes for sources. Springer Science & Business Media.
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Classical numerical schemes

Approximate Riemann solvers for the sensitivity

» HLL-type scheme: simpler structure that the state solver.

HLL consistency conditions yield:

1

Uijm12 = ypor 08 (/\§{0EU3<J = MOPUL o1 = Fa(Uj, Uaj) + Fa(Uj1, Ua ) + 5,7—1/2)

Sj—1/2 =0uATYE 5(UT 1o = Uj1)dijo1)2
+0ﬂ)‘§]o—El/2(U7%‘j—l/2 = UL 12)
+0a)\§?ﬁ/2(Uj —Ugj_12)d3-1/2

» HLLC-type scheme: same structure as the state.

HLL consistency conditions + Rankine-Hugoniot conditions. Equivalent to:

" - - . - -
Uor =Uar+aial1+aiTig Ui r=Uur —a3al3 —aslza
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Classical numerical schemes

1.5

0.5

-0.5

Camilla Fiorini
:

pp. (2, T)
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Classical numerical schemes

pp. (2, T)

I I u

—04 |

| | | |
0 0.2 0.4 0.6 0.8 1
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Classical numerical schemes

pp. (2, T)

_ Exact
—— 1% order - HLLC
0.4} —— 92" order - HLLC | |

| | I I
0 0.2 0.4 0.6 0.8 1
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Isolated shock for the p-system

7(z,T) ) u(z, T)
0.5 |— Exact B —15f
Godunov
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» Anti-diffusive numerical schemes



Scheme without numerical diffusion

Step 0O : initial data discretisation

Step 1 : solution of the Riemann problems, one for each interface

Step 2 M
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Scheme without numerical diffusion

Step 0 : initial data discretisation
Step 1 : solution of the Riemann problems, one for each interface

Step 2 : definition of a staggered mesh on which the average is performed [4]

Y
Tj+1/2 T

Tj1/2 = Tj—1j2 + 012l

[4] Chalons, C., Goatin, P. (2008). Godunov scheme and sampling technique for computing phase transitions in traffic flow
modeling. Interfaces and Free Boundaries, 10(2), 197-221.
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Scheme without numerical diffusion

Step 0 : initial data discretisation

Step 1 : solution of the Riemann problems, one for each interface

Step 2 : definition of a staggered mesh on which the average is performed
Step 3 : projection on the initial mesh [5]

Ui U; Ujn

U;/fl UJ ﬁ;Hrl
U,_1 ifae (0,5 max(o;_1,0)),
U; = Uj ifa e [AT max(oj 1/2,0),1+ % Irlirl(aj+1/2,0)) s

Uj-H if o € [1 + A.z II1111(0]+1/2,0), 1) .

a~U([0,1])

[5] Glimm, J. (1965). Solutions in the large for nonlinear hyperbolic systems of equations. Communications on pure and
applied mathematics, 18(4), 697-715.
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Numerical results

p(z,T) u(z,T) p(z,T)
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:
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Numerical results

p(z,T) u(z,T) p(z,T)
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Numerical results

p(z,T) u(z,T) p(z,T)
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Convergence

er exr exr
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» Applications



Uncertainty Quantification

Let a be a random vector, with the following average and variance:

O'gl cov(a,as) ... cov(ar,an)
Has cov(ay,as) o2, ... cov(ag,an)
Ha = ) Oa = .
Har cov(a,an) . o2,

Aim: determine a confidence interval Clx = [ux — kox, pix + kox]

Monte Carlo approach: N samples of the state X,
N

N
1 1
==X Y= .
nx N2 ko Ox N—l,H‘MX K
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Uncertainty Quantification

Sensitivity approach: let us consider the following first order Taylor expansion

X(a) = X(ua) + Z — pta.) Xa, (1) + o(|Ja|?)
Then, computing, the average one has:
M
nx = E[X(a)] = X (ua) + Z X, (pa)Ela; — pro,] = X (pa),
=1

And for the variance:

2
0% = B[(X(a) - ux)?] = {(Zxal uaaua»”—

= ZXal /la Ual E X, Ua a; /la E[ — Ha; ) aj — Ha; )]

1
7i]¢j

Therefore, we have the following first order estimates:

M M

ux = X(pa), 0% = ZXiUZL + Z Xa, Xajcov(ai, aj).
i=1 ij=1
i#)
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Uncertainty Quantification

Test case:

Riemann problem with uncertain parameters: a = (pr, pr, 4L, 4R, PL,PR)"

with the following average and covariance matrix:

tta = (1,0.125,0,0,1,0.1)", oa = diag(0.001,0.000125,0.0001,0.0001,0.001, 0.0001).

Since the covariance matrix is diagonal, the previous estimate is simplified:

6

2 _ 2 2

0x = § Xi.0a,
=1
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Uncertainty Quantification

Monte Carlo method:

P U P
151 1
1 N 1F
0.8} 4 1r - 08
0.6 1 o5t _ 061
0al i 0.4
ok -
021
0.2} B
—0.5 - 0F
O 1 ! ! 1 1 | | 1 | 1 1 |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Sensitivity method without correction:
P u
1+ - 6F 1
s 1 1k
05 - a9l i
0 | N
0F - or
ol ]
_al ]
—0.5 1
ol
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 T
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Uncertainty Quantification

Monte Carlo method:

P U P
151 1
1 N 1F N
0.8} 4 - 08t R
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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14 u p
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1 B 1F 1
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0.5 1
041 1 04 1
02 - [ - 02 ‘ 1 B
e
0F N 0 N
o5 . . . . , , . . . . ,
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Uncertainty Quantification

Monte Carlo method:

u p
. . . . . . . . . . . . | | | | | |
15| -

b 1 1F 1
08| 101 - 0sf B
06 1 o5k _ 06| 1

0.4+ 1
04f 1
ol -
02} 1
0.2 B
—0.5 - o -
[ =t 1 1 1 1 | | 1 1 1 1 1 | | | 1 I 1
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

Sensitivity method with correction (diffusive method):
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Uncertainty Quantification

Monte Carlo method:
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Optimisation

The quasi-1D Euler equations are: 1 h(x)

A (hp) + Oy (hpu) = 0,
1) § Oc(hpw) + 0y (hpu® +p) = pdsh,
O (hpE) + 0z (hu(pE + p)) =0,
+b.c.

1
Cost functional: J(U) = EHP —-p*ll7-

Parameters: a= (z.,()"

Target pressure:  p* = p(ze = 0.5,£ = 0.5)

Gradtent. Vas(U) = | 0 B

Optimisation problem: g}giEJ(U) subject to (1).
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Optimisation

Boundary conditions: H =FE+ %,
> : 1
inlet: enthalpy H;, and total pressure prot, o o—(-1) <pE B gpuz) 7

» outlet: pressure pr

These b.c. provide a discontinuous solution [6] Va € A.

p(@) I (e, 0)
2F T T =)
0.15
1.5 N
1 i
0.5 N 1
1 1 1 1 1 1 05 05
0 0.2 0.4 0.6 0.8 1 0 o

Z,

[6] Giles, M. B., & Pierce, N. A. (2001). Analytic adjoint solutions for the quasi-one-dimensional Euler equations. Journal of
Fluid Mechanics, 426, 327-345.

Camilla Fiorini Séminaire de Modélisation et Calcul Scientifique 26 /36




Optimisation

I I I I
——  With correction
—— Without correction

-02 0 02 04 06 08 1 1.2
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Optimisation

0.55

——  With correction
—— Without correction

0.5 -

. 0.45

0.4

03835
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Optimisation

log([|VJ1)

—e— With correction

—e— Without correction | |

log ()
I I
—e— Without correction
—e— With correction
_ol
4
76 -
Il Il Il Il
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SA for Navier-Stokes

State equations:

Sensitivity equations

du—vAu+ (u-Viu+Vp==£f, Qt>0 du, —vAu,+ (u,-V)u+ (u-V)u, + Vp, = f,,

V-u=0,

u(x,0) = d(z),
u=—g(y)n,
u=0,
(¥Vu—-pI)n=0,

Q,t>0 V.u, =0,
Q,t=0 u,(x,0) = dg(2),
on Ty, u, = —ga(y)m,
on Iy, u, =0,
on I'yyy (vVu, —pal)n = 0.

1A
« Inlet velocity  g(y) = Z—zy(é —y)  Uncertain parameter : amplitude A.

» Numerical method : finite elements volumes qpt  Pdfof random variable 4
* Unstructured 2D mesh A |
+ Domain: Ctop M i
Tobst ol |

1‘1” l‘out
1+ 4
Thottom L . . L ]
Tw = Tobst U Tiop U Thottom 096 098 1 102 104
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Unsteady test case

State in x = (1,0.35)

—Ua

Sensitivity in x = (1,0.35) V.
—Va
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Unsteady test case

—u
State in x = (1,0.35) v
0.4 4
N 02 1
u(x,t;a) = Y ug k(x;a) cos(wi(a)t). ) |
k=0
—0.2 4
—0.4 L L L L
1 2 3 4
t
Sensitivity in x = (1,035)  9°
amplitude frequency e
sensitivity sensitivity
u(x,t;a) ~
N
k=0
Bounded Unbounded
0 1 B 3 i
t
3] B. Fitisholy®. DeiiraneMOAPPilatias 2Benkifdgeaardioh et sheditiity qUtibfes sipptietpeadesttainty
inopmgatiosi i j WsimefFicadd §14i@8230:817-844, 2004.
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Unsteady test case

w, inx = (1,0.35) Confidence interval for u in x = (1,0.35)

v, i x = (1,0.35)
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Milstein scheme
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SQG system under location uncertainty

LU framework: based on the following decomposition of the Lagrangian velocity in two
components

dX; = u(Xy, t)dt + o (X4, t)dB,
one can compute the stochastic transport operator:
Db :=dib+v* - Vb dt+ ocdB, - Vb— %V - (aVb)dt,

where
1
v*:u—§V~a—a(V~U)

Therefore, the surface quasi geostrophic system under location uncertainty is:

Db =0,
b= N(—A)2y,
u=Vty,
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Towards the Milstein scheme

The main equation is:

t

t
1
by = by, +/ §V - (aVb) —v*-Vbds— | Vb-0dBy,
to

YNy s,

m

We define the following functions:
1
f(b,t) = iv- (aVb) —v* - Vb g™ (be,t) = Vb o,

We can apply Ito formula for f and ¢™, obtaining:

B ‘of tof Lo f
f(best) = flbeysto) + . g(ba s)ds + s %(b 5)dbs + o (bs, s)d(b, b)s
(g, ) = g™ (b t)+/t 995, a +/ )b, + 9" sy b,
g9 t,l) =g to> LO " 9s s, 5)dS En bs, s abz 5) S

=0
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Towards the Milstein scheme

The main equation is:

t

ot 1
by :btoJr/ iv-(aVb)7V*<Vb ds — Vb - 0dBg,
to

YNy s,

m

We define the following functions:
1
f(b,t) = iv- (aVb) —v* - Vb g™ (be,t) = Vb o,
We can apply Ito formula for f and ¢™, obtaining:
tof tof

—(bs, s)ds + —(bs, db+
8 g (0s29) s 05 %)

rof

fbe,t) = f(besto) + 8b2

(b5, 5)d(, b)s

- m fog™ 39
7 000) ="t + [ 52 s [ Gl 0o+ g G ool
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Milstein scheme

By replacing everything in the 1to formulas and then into the main equation, one finds:

b = by + f(beg) At = > g™ (b ) AB™ + / / > g™ gk (b)) dBEABT 1)
m Lo m.k
Euler-Maruyama
We define the following quantities: weak approximation
t s . .
mk . gm( k() mk k1 am recursive (conditional)
G 9" (g" (b)) I o S dprds; approximation
neglected

Then the double integral in (1) can be approximated with:
= AB™ABY — 5, kAL

Im,k + Ik’m Im,k _
qmik pmik qmk qmk
> > 2 T 3

m,k m,k

Lévy area,
which can
be simulated

Ik,m

Remark: if G is symmetrlc (i.e. G™k = G*™), then the Lévy area is not necessary:

Im,k+lk,m
Z Gmkpmk = — Z Gmkpmk . Gmpkm — 2 Gk
mk 2 mk 2
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Numerical results

Deterministic high .
N 9 Euler Maruyama Milstein
resolution
Cig® Day 0 0’ o Day O 0’ g Day ,O o
a R L= R LE ;
{o {o {o
[N . . S - ok - " ——- oL . . 1
6 2 4 6 3 02 4 6 % 2 4 6 %
x{m) 2 IO‘ *x{m <10 *x{m 10
Spatial resolution : 512x512 Spatial resolution: 128x128 Spatial resolution: 128x128
Time scheme RK4 Time scheme order 0.5 Time scheme order 1
/36
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Numerical results

Deterministic high
resolution

10t Day 1'7

Spatial resolution : 512x512

Time scheme RK4

Euler Maruyama

Day 17

vim)

L5

Spatial resolution: 128x128

Time scheme order 0.5

Milstein

Spatial resolution: 128x128

Time scheme order 1
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Thank you
for your attention



