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Sensitivity Analysis

Sensitivity analysis: study of how changes in the inputs of a model affect the outputs

input
parameters

output
(state)

model

a U

Sensitivity:
∂U

∂a
= Ua
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Two approaches

3

 analytical state 
model

 analytical 
sensitivity model

 discrete 
sensitivity model

differentiate

discretise

 discrete state 
model

 analytical state 
model

 discrete 
sensitivity model

discretise

differentiate

Differentiate then discretiseDiscretise then differentiate

analytical 

sensitivity model 

no discretisation of 

computational 

facilitators

could lead to 

inconsistent gradients
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

Standard techniques of sensitivity analysis

(

∂tU+ ∂xF(U) = 0 Ω× (0, T ),

U(x, 0) = g(x) Ω,

The global system, without the corr

The matrix of the global system has the following structur

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus 

Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis call for the differentiation of the state system:
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∂a(∂tU) + ∂a(∂xF(U)) = 0 Ω× (0, T ),
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

This can be done under hypotheses of regularity of the state U [1]. 

Standard techniques of sensitivity analysis

If these techniques are applied to hyperbolic equations, Dirac delta functions will appear 

in the sensitivity.

(

∂tUa + ∂xFa(U,Ua) = 0 Ω× (0, T ),

Ua(x, 0) = ga(x) Ω,

For the Burgers’ equation:

F(U) =
u
2

2
Fa(U,Ua) = uua

The global system, without the corr

The matrix of the global system has the following structur

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus 

Mathematique, 335(10), 839-845.
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In order to have a sensitivity system which is valid also when the state is discontinuous, 

we add a correction term [2]: 

Definition of the source term

S =

NsX

k=1

ρρρkδ(x− xk,s(t)),

(

∂tUa + ∂xFa(U,Ua) = S Ω× (0, T ),

Ua(x, 0) = ga(x) Ω,

defined as follows:
number of discontinuities

position of the k-th discontinuity

amplitude of the k-th correction 

(to be computed)

Remark: a shock detector is necessary to discretise such source term.

[2] Guinot, V., Delenne, C., Cappelaere, B. (2009). An approximate Riemann solver for sensitivity equations with 

discontinuous solutions. Advances in Water Resources, 32(1), 61-77.
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Definition of the source term

x1 x2xc

t1

t2

σ

To compute the amplitude of the correction, we consider an infinitesimal control volume 

containing a single discontinuity:

By integrating the sensitivity equations with the source term on the control volume, one 

has:  

Rankine-Hugoniot conditions for the state:

Differentiating them w.r.t. the parameter:

Finally, we obtain the following amplitude:

ρρρk = (U−

a
−U

+

a
)σk + F

+

a
− F

−

a

(U+
−U

−)σk = F
+
− F

−

(U+

a −U
−

a )σk + (U+
−U

−)σk,a + σk(∂xU
+
− ∂xU

−)∂axk,s(t) =

= F
+

a − F
−

a +

✓

∂F(U+)

∂U
∂xU

+
−

∂F(U−)

∂U
∂xU

−

◆

∂axk,s(t).

<latexit sha1_base64="KpUEjoPqtH1TT5E9IZ/x0R9FesU="></latexit>

ρρρk = (U+
−U

−)σk,a + σk(∂xU
+
− ∂xU

−)∂axk,s(t)−

✓

∂F(U+)

∂U
∂xU

+
−

∂F(U−)

∂U
∂xU

−

◆

∂axk,s(t).

<latexit sha1_base64="kknj7FE/faIjpiJLg8N0M1y5T+Q="></latexit>
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The Riemann problem for Euler equations

The Euler equations are:






∂tρ+ ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu

2 + p) = 0,
∂t(ρE) + ∂x(u(ρE + p)) = 0,

λ1(U) = u− c,

λ2(U) = u,

λ3(U) = u+ c.

r1(U) = (1, u− c,H − uc)t,

r2(U) = (1, u, u
2

2
)t,

r3(U) = (1, u+ c,H + uc)t.

Eigenvalues: Eigenvectors:

Genuinely nonlinear

7
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The Riemann problem for Euler equations

The Euler equations are:






∂tρ+ ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu

2 + p) = 0,
∂t(ρE) + ∂x(u(ρE + p)) = 0,

λ1(U) = u− c,

λ2(U) = u,

λ3(U) = u+ c.

r1(U) = (1, u− c,H − uc)t,

r2(U) = (1, u, u
2

2
)t,

r3(U) = (1, u+ c,H + uc)t.

Eigenvalues: Eigenvectors:

Linearly degenerate
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The Riemann problem for Euler equations

The Euler equations are:






∂tρ+ ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu

2 + p) = 0,
∂t(ρE) + ∂x(u(ρE + p)) = 0,

λ1(U) = u− c,
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λ3(U) = u+ c.

r1(U) = (1, u− c,H − uc)t,

r2(U) = (1, u, u
2

2
)t,

r3(U) = (1, u+ c,H + uc)t.

Eigenvalues: Eigenvectors:

x

t

xc

UL

U
∗

L
U

∗

R

UR

bUR

x

t

xc

UL

U
∗

L
U

∗

R
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bUL

bUL

x

t

xc
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U
∗

L
U

∗

R
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bUR
U

∗

L
U

∗

R
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x

t

xc

UL
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The Riemann problem for the sensitivity equations

The sensitivity system is:

λ1(U) = u− c,

λ2(U) = u,

λ3(U) = u+ c.

Eigenvalues:






∂tρa + ∂x(ρu)a = S1,

∂t(ρu)a + ∂x(ρau
2 + 2ρuua + pa) = S2,

∂t(ρE)a + ∂x(ua(ρE + p) + u((ρE)a + pa)) = S3,

x

t

xc

Ua,L

U
∗

a,L U
∗

a,R

Ua,R

bUa,L

x

t

xc

Ua,L

U
∗

a,L
U

∗

a,R

Ua,R

bUa,R

bUa,L

x

t

xc

Ua,L

U
∗

a,L
U

∗

a,R

Ua,R

bUa,R
U

∗

a,L U
∗

a,R

Ua,R

x

t

xc

Ua,L
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Classical numerical schemes

Step 0 : initial data discretisation

Step 1 : solution of a Riemann problem for each interface             obtaining

Step 2 : average

Godunov-type schemes

V
n+1

j =
1

∆x

Z xj+1/2

xj−1/2

v(x, tn+1)dx

v(x, tn+1)xj−1/2

approximate Riemann 

solvers are used

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

9
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Classical numerical schemes
(

∂tU+ ∂xF(U) = 0

∂tUa + ∂xFa(U,Ua) = S(U) S(U) =

NsX

k=1

σa,k(U
+

k −U
−

k )

Remark: HLL-type schemes cannot be used for the state, two intermediate star 

states are necessary to have a well-defined the source term for the sensitivity.

‣ First order Roe-type scheme

Approximate Riemann solver for the state

λ
ROE

1
= ũ− c̃ λ

ROE

2
= ũ λ

ROE

3
= ũ+ c̃ Roe-averaged eigenvalues

UR −UL =

3X

k=1

αir̃i decomposition along Roe-averaged eigenvectors

U
∗

L
= UL + α1r̃1 U

∗

R
= UR − α3r̃3

[3] Bouchut, F. (2004). Nonlinear stability of finite Volume Methods for hyperbolic conservation laws: And Well-Balanced 

schemes for sources. Springer Science & Business Media.
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Classical numerical schemes
(

∂tU+ ∂xF(U) = 0

∂tUa + ∂xFa(U,Ua) = S(U) S(U) =

NsX

k=1

σa,k(U
+

k −U
−

k )

Remark: HLL-type schemes cannot be used for the state, two intermediate star 

states are necessary to have a well-defined the source term for the sensitivity.

‣ First order Roe-type scheme

‣ Second order Roe-type scheme

Time discretisation: two-step Runge-Kutta method

Space discretisation: MUSCL-type scheme [3]

xxj−3/2 xj−1/2 xj+1/2 xj+3/2

Approximate Riemann solver for the state

[3] Bouchut, F. (2004). Nonlinear stability of finite Volume Methods for hyperbolic conservation laws: And Well-Balanced 

schemes for sources. Springer Science & Business Media.
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Classical numerical schemes
(

∂tU+ ∂xF(U) = 0

∂tUa + ∂xFa(U,Ua) = S(U) S(U) =

NsX

k=1

σa,k(U
+

k −U
−

k )

Remark: HLL-type schemes cannot be used for the state, two intermediate star 

states are necessary to have a well-defined the source term for the sensitivity.

‣ First order Roe-type scheme

‣ Second order Roe-type scheme

Time discretisation: two-step Runge-Kutta method

Space discretisation: MUSCL-type scheme [3]

xxj−3/2 xj−1/2 xj+1/2 xj+3/2

Uj−5/4

Uj−3/4

Uj−1/4

Uj+1/4 Uj+3/4
Uj+5/4

Approximate Riemann solver for the state

[3] Bouchut, F. (2004). Nonlinear stability of finite Volume Methods for hyperbolic conservation laws: And Well-Balanced 

schemes for sources. Springer Science & Business Media.
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Classical numerical schemes

Approximate Riemann solvers for the sensitivity

‣ HLL-type scheme: simpler structure that the state solver. 

HLL consistency conditions yield:

U
∗

a,L = Ua,L + α1,ar̃1 + α1r̃1,a U
∗

a,R = Ua,R − α3,ar̃3 − α3r̃3,a

U
∗

a,j−1/2 =
1

λROE
3

− λROE
1

⇣

λ
ROE
3

U
n
a,j − λ

ROE
1

U
n
a,j−1

− Fa(Uj ,Ua,j) + Fa(Uj−1,Ua,j−1) + Sj−1/2

⌘

Sj−1/2 =∂aλ
ROE
1,j−1/2(U

∗

L,j−1/2 −Uj−1)d1,j−1/2

+∂aλ
ROE
2,j−1/2(U

∗

R,j−1/2 −U
∗

L,j−1/2)

+∂aλ
ROE
3,j−1/2(Uj −U

∗

R,j−1/2)d3,j−1/2

‣ HLLC-type scheme: same structure as the state. 

HLL consistency conditions + Rankine-Hugoniot conditions. Equivalent to:

11



Camilla Fiorini Séminaire de Modélisation et Calcul Scientifique / 36  

Classical numerical schemes

ρpL
(x, T )

0 0.2 0.4 0.6 0.8 1

−0.5

0

0.5

1

1.5

2 Numerical S = 0

Exact
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Classical numerical schemes

ρpL
(x, T )

0 0.2 0.4 0.6 0.8 1

−0.4

−0.2

0
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Classical numerical schemes

ρpL
(x, T )

0 0.2 0.4 0.6 0.8 1

−0.4

−0.2

0

Exact

1
st

order - HLLC

2
nd

order - HLLC
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Isolated shock for the p-system

0 0.2 0.4 0.6 0.8 1

0.2

0.3

0.4

0.5 Exact

Godunov

Roe I

Roe II

0 0.2 0.4 0.6 0.8 1

−3

−2.5

−2

−1.5

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

−10

−8

−6

−4

−2

0

τ(x, T )

τa(x, T ) ua(x, T )

u(x, T )
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Scheme without numerical diffusion

Step 0 : initial data discretisation

Step 1 : solution of the Riemann problems, one for each interface

Step 2 : average

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

15
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Step 0 : initial data discretisation 

Step 1 : solution of the Riemann problems, one for each interface 

Step 2 : definition of a staggered mesh on which the average is performed [4] 

xj−1/2 = xj−1/2 + σj−1/2∆t

Scheme without numerical diffusion

t

x

xj−1/2 xj+1/2

xj−1/2

Uj−1 Uj

xj+1/2

Uj+1

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

[4] Chalons, C., Goatin, P. (2008). Godunov scheme and sampling technique for computing phase transitions in traffic flow 

modeling. Interfaces and Free Boundaries, 10(2), 197-221.
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Step 0 : initial data discretisation 

Step 1 : solution of the Riemann problems, one for each interface 

Step 2 : definition of a staggered mesh on which the average is performed 

Step 3 : projection on the initial mesh [5]

Uj−1 Uj Uj+1

Uj−1 Uj Uj+1

Scheme without numerical diffusion

Uj =

8

>

<

>

:

Uj−1 if α ∈

�

0, ∆t
∆x max(σj−1/2, 0)

�

,

Uj if α ∈

⇥

∆t
∆x max(σj−1/2, 0), 1 +

∆t
∆x min(σj+1/2, 0)

�

,

Uj+1 if α ∈

⇥

1 + ∆t
∆x min(σj+1/2, 0), 1

�

.

α ∼ U([0, 1])

[5] Glimm, J. (1965). Solutions in the large for nonlinear hyperbolic systems of equations. Communications on pure and 

applied mathematics, 18(4), 697-715.
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Numerical results
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u(x, T )ρ(x, T ) p(x, T )
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(x, T )upL

(x, T )ρpL
(x, T )
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Convergence

10−5 10−4 10−3 10−2
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10−3

10−2
Roe I

Roe II
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Roe I AD

Roe II AD

kρexpL
(x, T )� ρpL

(x, T )kL1(0,1) kuex
pL
(x, T )� upL

(x, T )kL1(0,1) kpexpL
(x, T )� ppL

(x, T )kL1(0,1)

kpex(x, T )� p(x, T )kL1(0,1)kuex(x, T )� u(x, T )kL1(0,1)kρex(x, T )� ρ(x, T )kL1(0,1)
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Uncertainty Quantification

Let a be a random vector, with the following average and variance:

µa =







µa1

...
µaM






, σa =











σ
2

a1
cov(a1, a2) . . . cov(a1, aM )

cov(a1, a2) σ
2

a2
. . . cov(a2, aM )

...
. . .

...
cov(a1, aM ) . . . σ

2

aM











,

Aim: determine a confidence interval CIX = [µX − κσX , µX + κσX ]

Monte Carlo approach: N samples of the state

σ
2

X
=

1

N − 1

NX

k=1

|µX −Xk|
2µX =

1

N

NX

k=1

Xk

Xk
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Uncertainty Quantification

Sensitivity approach: let us consider the following first order Taylor expansion    

X(a) = X(µa) +

MX

i=1

(ai � µai
)Xai

(µa) + o(kak2).

µX = E[X(a)] = X(µa) +

MX

i=1

Xai
(µa)E[ai − µai

] = X(µa),

Then, computing, the average one has:

And for the variance:

σ
2

X = E[(X(a)− µX)2] = E

2

4

 

M
X

i=1

Xai
(µa)(ai − µai

)

!2
3

5 =

=

M
X

i=1

X2

ai
(µa)E[(ai − µai

)2] +

M
X

i,j=1

i 6=j

Xai
(µa)Xaj

(µa)E[(ai − µai
)(aj − µaj

)].

Therefore, we have the following first order estimates:

µX = X(µa), σ
2

X =

MX

i=1

X2

ai
σ
2

ai
+

MX

i,j=1

i 6=j

Xai
Xaj

cov(ai, aj).
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Uncertainty Quantification

Test case:

Riemann problem with uncertain parameters: a = (ρL, ρR, uL, uR, pL, pR)
t

µa = (1, 0.125, 0, 0, 1, 0.1)t, σa = diag(0.001, 0.000125, 0.0001, 0.0001, 0.001, 0.0001).

with the following average and covariance matrix:

σ
2

X
=

6X

i=1

X
2

ai
σ
2

ai

Since the covariance matrix is diagonal, the previous estimate is simplified:

21
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Uncertainty Quantification

Monte Carlo method:

Sensitivity method without correction:
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Uncertainty Quantification

Monte Carlo method:

Sensitivity method without correction:

ρ
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Uncertainty Quantification

Monte Carlo method:

Sensitivity method with correction (diffusive method):
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Uncertainty Quantification

Monte Carlo method:

Sensitivity method with correction (anti-diffusive method):

ρ
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Optimisation







∂t(hρ) + ∂x(hρu) = 0,
∂t(hρu) + ∂x(hρu

2 + p) = p∂xh,

∂t(hρE) + ∂x(hu(ρE + p)) = 0,

The quasi-1D Euler equations are:

J(U) =
1

2
kp� p∗k2

L2Cost functional:

min
a∈A

J(U)Optimisation problem: subject to (1).

(1)

+b.c.

xc

1

2

`

h(x)

Parameters: a = (xc, `)
t

Target pressure: p
∗ = p(xc = 0.5, ` = 0.5)

Gradient: raJ(U) =



(p� p∗, pxc
)L2

(p� p∗, p`)L2

�
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Optimisation

0 0.2 0.4 0.6 0.8 1

0.5

1

1.5

2

p
∗(x) J(xc, `)

Boundary conditions:

‣ inlet: enthalpy        and total pressure 

‣ outlet: pressure

HL
ptot,L

pR

8

>

>

>

>

<

>

>

>

>

:

H = E +
p

ρ
,

p = (γ − 1)

✓

ρE −

1

2
ρu2

◆

,

ptot = p+
1

2
ρu2.

These b.c. provide a discontinuous solution [6] ∀a ∈ A.

[6] Giles, M. B., & Pierce, N. A. (2001). Analytic adjoint solutions for the quasi-one-dimensional Euler equations. Journal of 

Fluid Mechanics, 426, 327-345.

26



Camilla Fiorini Séminaire de Modélisation et Calcul Scientifique / 36  

Optimisation
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Optimisation
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Optimisation

log(krJk)log(J)

0 10 20 30
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Without correction

With correction
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Without correction

With correction
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SA for Navier-Stokes

•  Numerical method : finite elements volumes 

•  Unstructured 2D mesh 

•  Domain:

•  Inlet velocity gpyq “
4A

`2
yp` ´ yq

<latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit>

Uncertain parameter : amplitude A.

State equations:

∂tu� ν∆u+ (u ·r)u+rp = f , Ω, t > 0

r · u = 0, Ω, t > 0

u(x, 0) = d(x), Ω, t = 0

u = �g(y)n, on Γin

u = 0, on Γw

(νru� pI)n = 0, on Γout
<latexit sha1_base64="3m2MGstDazArFg/mrexkX6acPgU="></latexit><latexit sha1_base64="3m2MGstDazArFg/mrexkX6acPgU="></latexit><latexit sha1_base64="3m2MGstDazArFg/mrexkX6acPgU="></latexit><latexit sha1_base64="3m2MGstDazArFg/mrexkX6acPgU="></latexit>

Sensitivity equations

Btua ´ ν∆ua ` pua ¨ rqu ` pu ¨ rqua ` rpa “ fa,

r ¨ ua “ 0,

uapx, 0q “ dapxq,

ua “ ´gapyqn,

ua “ 0,

pνrua ´ paIqn “ 0.
<latexit sha1_base64="073nsc9MDSxmJ0WJPlwHp4O1740="></latexit><latexit sha1_base64="073nsc9MDSxmJ0WJPlwHp4O1740="></latexit><latexit sha1_base64="073nsc9MDSxmJ0WJPlwHp4O1740="></latexit><latexit sha1_base64="073nsc9MDSxmJ0WJPlwHp4O1740="></latexit>

Γin Γout

Γtop

Γbottom

Γobst

<latexit sha1_base64="MsYEFmdj1REnWHYeWZXHvfNM6qw="></latexit><latexit sha1_base64="MsYEFmdj1REnWHYeWZXHvfNM6qw="></latexit><latexit sha1_base64="MsYEFmdj1REnWHYeWZXHvfNM6qw="></latexit><latexit sha1_base64="MsYEFmdj1REnWHYeWZXHvfNM6qw="></latexit>

Γw :“ Γobst Y Γtop Y Γbottom
<latexit sha1_base64="EsxP3UIEpf29GaiRzdkhXQmNLOA="></latexit><latexit sha1_base64="EsxP3UIEpf29GaiRzdkhXQmNLOA="></latexit><latexit sha1_base64="EsxP3UIEpf29GaiRzdkhXQmNLOA="></latexit><latexit sha1_base64="EsxP3UIEpf29GaiRzdkhXQmNLOA="></latexit>
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Pdf of random variable A

1
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0.98
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1.04
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Unsteady test case

[3] H. Hristova, S. Etienne, D. Pelletier, and J. Borggaard. A continuous sensitivity equation method for time-dependent 

incompressible laminar flows. International Journal for Numerical Methods in Fluids, 50:817–844, 2004. 

upx, t; aq »
N
ÿ

k“0

u0,kpx; aq cospωkpaqtq.
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sensitivity

Bounded Unbounded

uapx, t; aq »

N
ÿ

k“0

u0,a,kpx; aq cospωkpaqtq ´ t

N
ÿ

k“0

u0,kpx; aqω1

kpaq sinpωkpaqtq
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[4] C. Fiorini, B. Després, M. A. Puscas. Sensitivity equation method for the Navier—Stokes equations applied to uncertainty 

propagation. International Journal for Numerical Methods in Fluids, 93(1): 71-92, 2021. 
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SQG system under location uncertainty

LU framework: based on the following decomposition of the Lagrangian velocity in two 

components

one can compute the stochastic transport operator:

Dtb := dtb+ v
∗

·rb dt+ σdBt ·rb�
1

2
r · (arb)dt,

<latexit sha1_base64="2AzP3px72/6IObkJxripjMJuROk="></latexit>

where

v
∗ = u�

1

2
r · a� σ(r · σ)

<latexit sha1_base64="X/ZnCEx49UgaUY0pjGiaFvIDBjU="></latexit>

Therefore, the surface quasi geostrophic system under location uncertainty is:











Dtb = 0,

b = N(�∆)1/2ψ,

u = r
⊥ψ,

<latexit sha1_base64="xmlvzCCxcC93wmMza2SxNPLJ++U="></latexit>

33

dXt = u(Xt, t)dt+ σ(Xt, t)dBt

<latexit sha1_base64="HZN/LpZd+kPgoa1RoUPcLHkebfU="></latexit>
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We define the following functions:

f(bt, t) =
1

2
r · (arb)� v

∗

·rb gm(bt, t) = rb · ϕm

<latexit sha1_base64="x6C0pQRx/IUrzq1Q8V75oi9oSnc="></latexit>

The main equation is:

We can apply Itō formula for     and       , obtaining:f

<latexit sha1_base64="CzgOsCb5dn9rKCMHR0qbPmNYaK8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redfWmeV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDyoeM6A==</latexit>

g
m
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f(bt, t) = f(bt0 , t0) +

Z
t

t0

∂f

∂s
(bs, s)ds+

Z
t

t0

∂f

∂b
(bs, s)dbs +

1

2

Z
t

t0

∂2f

∂b2
(bs, s)dhb, bis

<latexit sha1_base64="EhMn1THqdB3yAWa6fpmo+1V68r0="></latexit>

gm(bt, t) = gm(bt0 , t0) +

Z
t

t0

∂g

∂s

m

(bs, s)ds+

Z
t

t0

∂g

∂b

m

(bs, s)dbs +
1

2

Z
t

t0

∂2g

∂b2

m

(bs, s)dhb, bis

<latexit sha1_base64="p6pLnOMcCMMSiu26u9OHlnuY4vk="></latexit>

=0

=0

Towards the Milstein scheme

34

bt = bt0 +

Z
t

t0

1

2
r · (arb)� v

∗

·rb ds�

Z
t

t0

rb · σdBs,

<latexit sha1_base64="LNEt3yBtcziutDnBnL8fXzkEgtw="></latexit>

X

m

ϕmdβm

s
,

<latexit sha1_base64="NTG6cGSJkmUs2nVcpOAkC/lH3cM=">AAACD3icbZBNS8NAEIY39Tt+RT16WSyKBymJVOxR8OJRwarQxLDZTtulu0nYnRRL6D/w4l/x4kERr169+W9Mag9qfWHh4Z0ZZueNUikMuu6nVZmZnZtfWFyyl1dW19adjc0rk2SaQ5MnMtE3ETMgRQxNFCjhJtXAVCThOuqflvXrAWgjkvgShykEinVj0RGcYWGFzp5vMhUq6g+YTnuiJIQ7zNsj6keALDS36sC2Q6fq1tyx6DR4E6iSic5D58NvJzxTECOXzJiW56YY5Eyj4BJGtp8ZSBnvsy60CoyZAhPk43tGdLdw2rST6OLFSMfuz4mcKWOGKio6FcOe+Vsrzf9qrQw7jSAXcZohxPx7USeTFBNahkPbQgNHOSyAcS2Kv1LeY5pxLCIsQ/D+njwNV4c1r147uqhXTxqTOBbJNtkh+8Qjx+SEnJFz0iSc3JNH8kxerAfryXq13r5bK9ZkZov8kvX+BR92nAY=</latexit>
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We define the following functions:

f(bt, t) =
1

2
r · (arb)� v

∗

·rb gm(bt, t) = rb · ϕm

<latexit sha1_base64="x6C0pQRx/IUrzq1Q8V75oi9oSnc="></latexit>

The main equation is:

We can apply Itō formula for     and       , obtaining:f

<latexit sha1_base64="CzgOsCb5dn9rKCMHR0qbPmNYaK8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redfWmeV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDyoeM6A==</latexit>

g
m

<latexit sha1_base64="hwHfsTOW84TcSXFSGyGuwRLqF04=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFnssePFY0X5Au5Zsmt2GJtklyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Gbud5+o0iyWD2aaUF/gSLKQEWysdB89imG54lbdBdA68XJSgRytYflrMIpJKqg0hGOt+56bGD/DyjDC6aw0SDVNMJngiPYtlVhQ7WeLU2fowiojFMbKljRoof6eyLDQeioC2ymwGetVby7+5/VTEzb8jMkkNVSS5aIw5cjEaP43GjFFieFTSzBRzN6KyBgrTIxNp2RD8FZfXiedq6pXq9bvapVmI4+jCGdwDpfgwTU04RZa0AYCETzDK7w53Hlx3p2PZWvByWdO4Q+czx9Ky43I</latexit>

f(bt, t) = f(bt0 , t0) +

Z
t

t0

∂f

∂s
(bs, s)ds+

Z
t

t0

∂f

∂b
(bs, s)dbs +

1

2

Z
t

t0

∂2f

∂b2
(bs, s)dhb, bis

<latexit sha1_base64="EhMn1THqdB3yAWa6fpmo+1V68r0="></latexit>

gm(bt, t) = gm(bt0 , t0) +

Z
t

t0

∂g

∂s

m

(bs, s)ds+

Z
t

t0

∂g

∂b

m

(bs, s)dbs +
1

2

Z
t

t0

∂2g

∂b2

m

(bs, s)dhb, bis

<latexit sha1_base64="p6pLnOMcCMMSiu26u9OHlnuY4vk="></latexit>

Towards the Milstein scheme

34

bt = bt0 +

Z
t

t0

1

2
r · (arb)� v

∗

·rb ds�

Z
t

t0

rb · σdBs,

<latexit sha1_base64="LNEt3yBtcziutDnBnL8fXzkEgtw="></latexit>

X

m

ϕmdβm

s
,

<latexit sha1_base64="NTG6cGSJkmUs2nVcpOAkC/lH3cM=">AAACD3icbZBNS8NAEIY39Tt+RT16WSyKBymJVOxR8OJRwarQxLDZTtulu0nYnRRL6D/w4l/x4kERr169+W9Mag9qfWHh4Z0ZZueNUikMuu6nVZmZnZtfWFyyl1dW19adjc0rk2SaQ5MnMtE3ETMgRQxNFCjhJtXAVCThOuqflvXrAWgjkvgShykEinVj0RGcYWGFzp5vMhUq6g+YTnuiJIQ7zNsj6keALDS36sC2Q6fq1tyx6DR4E6iSic5D58NvJzxTECOXzJiW56YY5Eyj4BJGtp8ZSBnvsy60CoyZAhPk43tGdLdw2rST6OLFSMfuz4mcKWOGKio6FcOe+Vsrzf9qrQw7jSAXcZohxPx7USeTFBNahkPbQgNHOSyAcS2Kv1LeY5pxLCIsQ/D+njwNV4c1r147uqhXTxqTOBbJNtkh+8Qjx+SEnJFz0iSc3JNH8kxerAfryXq13r5bK9ZkZov8kvX+BR92nAY=</latexit>
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By replacing everything in the Itō formulas and then into the main equation, one finds:

bt = bt0 + f(bt0)∆t−
X
m

gm(bt0)∆βm +

Z t

t0

Z s

t0

X
m,k

gm(gk(bτ ))dβ
k
τ
dβm

s

<latexit sha1_base64="l7WSB63n4x7J0U/K3s3xpyrr7m4="></latexit>

Euler-Maruyama

Milstein scheme

Gm,k := gm(gk(bt0))

<latexit sha1_base64="YxNPHUnmEfoeumVDmeK1U+YhyM8=">AAACBXicbVDLSgMxFM34rPVVdamLYBFakDIjFYsgFFzosoJ9QB9DJs20YZLMkGSEMnTjxl9x40IRt/6DO//GtJ2Fth64cDjnXu69x4sYVdq2v62l5ZXVtfXMRnZza3tnN7e331BhLDGp45CFsuUhRRgVpK6pZqQVSYK4x0jTC64nfvOBSEVDca9HEelyNBDUpxhpI7m5o5tewk+DMby8goMeLwx6QcFzE+3a42LRzeXtkj0FXCROSvIgRc3NfXX6IY45ERozpFTbsSPdTZDUFDMyznZiRSKEAzQgbUMF4kR1k+kXY3hilD70Q2lKaDhVf08kiCs14p7p5EgP1bw3Ef/z2rH2K92EiijWRODZIj9mUIdwEgnsU0mwZiNDEJbU3ArxEEmEtQkua0Jw5l9eJI2zklMund+V89VKGkcGHIJjUAAOuABVcAtqoA4weATP4BW8WU/Wi/Vufcxal6x05gD8gfX5A9W0ltk=</latexit>

I
m,k

:=

Z t

t0

Z s

t0

dβk
τ
dβm

s

<latexit sha1_base64="mLOQK1rLBFGp4BDd7iib8/CoevU="></latexit>

We define the following quantities:

Then the double integral in (1) can be approximated with:

(1)

X

m,k

G
m,k

I
m,k

=

X

m,k

G
m,k I

m,k + Ik,m

2
+G

m,k I
m,k

− Ik,m

2

<latexit sha1_base64="htRnNFnXNAVcCvGnr2NDQlq7+Kc=">AAACWnicbVFbS8MwGE2r7uplXt58CQ5BcI52TNyLMPBBfZvgLrDNkWbpFpa0NUmFUfonfRHBvyKYbhV02wfhOznnfCQ5cQJGpbKsT8Pc2t7JZHP5QnF3b/+gdHjUkX4oMGljn/mi5yBJGPVIW1HFSC8QBHGHka4zu0v07hsRkvres5oHZMjRxKMuxUhpalR6HciQjyJemcXw/mXZH9N+CzeIA1cgHP1aLhPzrMLjOKolu82uq7+uUalsVa1FwXVgp6AM0mqNSu+DsY9DTjyFGZKyb1uBGkZIKIoZiQuDUJIA4RmakL6GHuJEDqNFNDE818wYur7Qy1Nwwf6diBCXcs4d7eRITeWqlpCbtH6o3MYwol4QKuLh5UFuyKDyYZIzHFNBsGJzDRAWVN8V4inSqSj9GwUdgr365HXQqVXtevX6qV5uNtI4cuAUnIELYIMb0AQPoAXaAIMP8G1kjKzxZZpm3iwuraaRzhyDf2We/ABJfLLX</latexit>

= ∆βm
∆βk

− δm,k∆t

<latexit sha1_base64="kzHtHdJ1VshqqfD4+ANB+wFaE8A=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8aNmVil6Egh48VrCt0F1LNp1qaLK7JLNCWfpTvPhXvHhQRG/6a0zbFfx6MPDy3gyZeWEihUHXfXempmdm5+YLC8XFpeWV1dLaetPEqebQ4LGM9WXIDEgRQQMFSrhMNDAVSmiF/ZOR37oFbUQcXeAggUCx60j0BGdopU7p8Jj6pyCRUT8EZFfq57NP96jfHQmdTO32h18udkplt+KOQf8SLydlkqPeKb353ZinCiLkkhnT9twEg4xpFFzCsOinBhLG++wa2pZGTIEJsvGBQ7ptlS7txdpWhHSsfp/ImDJmoELbqRjemN/eSPzPa6fYOwoyESUpQsQnH/VSSTGmo7RoV2jgKAeWMK6F3ZXyG6YZR5tp0Ybg/T75L2nuV7xq5eC8Wq4d5XEUyCbZIjvEI4ekRs5InTQIJ3fkgTyRZ+feeXRenNdJ65STz2yQH3A+PgE0zKHE</latexit>

Lévy area, 

which can 

be simulated

weak approximation

recursive (conditional) 

approximation

neglected

35

Remark: if     is symmetric (i.e.                   ), then the Lévy area is not necessary:G G
m,k = G

k,m

∑
m,k

G
m,k

I
m,k =

1

2 ∑
m,k

G
m,k

I
m,k + G

k,m
I

k,m = ∑
m,k

G
m,k

I
m,k + I

k,m

2
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MilsteinEuler Maruyama
Deterministic high 

resolution

Spatial resolution : 512x512 

Time scheme RK4

Spatial resolution: 128x128 

Time scheme order 0.5

Spatial resolution: 128x128 

Time scheme order 1

Day 0 Day 0Day 0

Numerical results



Camilla Fiorini Séminaire de Modélisation et Calcul Scientifique / 36  

Numerical results
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MilsteinEuler Maruyama
Deterministic high 

resolution

Spatial resolution : 512x512 

Time scheme RK4

Spatial resolution: 128x128 

Time scheme order 0.5

Spatial resolution: 128x128 

Time scheme order 1

Day 17 Day 17Day 17
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