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Context

3

Code TRUST TrioCFD:

‣ Developed at CEA 

‣ Open source 

‣ Solves 2D and 3D Navier-Stokes 

‣ No uncertainty quantification tools

prediction of the worst case scenario 
important for security reasons
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Sensitivity analysis (SA) : study of how changes in the inputs of a model affect the 
outputs

input
parameters

output
(state)model

a

Sensitivity :

4

Sensitivity Analysis

Continuous sensitivity equation (CSE) method :

Btu ` Lpuq “ f ⌦, t ° 0
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+ initial and boundary conditions.
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State and sensitivity equations
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�w = �obst [ �top [ �bottom
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The Navier—Stokes equations :

$
’’’’’’’’&

’’’’’’’’%

Btua ´ ⌫�ua ` pua ¨ rqu ` pu ¨ rqua ` rpa “ fa ⌦, t ° 0,

r ¨ ua “ 0 ⌦, t ° 0,

uapx, 0q “ 0 ⌦, t “ 0,

ua “ ´gapyqn on �in,

ua “ 0 on �w,

p⌫rua ´ paIqn “ 0 on �out.
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Btu ´ ⌫�u ` pu ¨ rqu ` rp “ f ⌦, t ° 0,

r ¨ u “ 0 ⌦, t ° 0,

upx, 0q “ 0 ⌦, t “ 0,

u “ ´gpyqn on �in,

u “ 0 on �w,

p⌫ru ´ pIqn “ 0 on �out.
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The sensitivity equations :

gpyq “ 4A

`2
yp` ´ yq
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fa “ Baf ` Ba⌫�u
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Remark : these are 
known as the Oseen 
equations.
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State stability

6
If the boundary conditions depend on time,      cannot be taken stationary.Rg
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1

Proposition 1 Let Rg be a su�ciently smooth stationary 1 function such that
r ¨ Rg “ 0 in ⌦ and Rg “ u on �in Y �w. Then, if u ¨ n • 0 on �out the
following stability estimate holds for some � ° 0:

~u~2 § 1

2⌫

ª
T

0
}f̃ptq}2

H´1p⌦qdt ` �}Rg}2
H1p⌦q,

where f̃ “ f ` ⌫�Rg ´ pRg ¨ rqRg, and the norm ~ ¨ ~ is defined as follows:

~u~2 :“ }upT q}2 ` C

ª
T

0
}ruptq}2dt.
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L2 ´ norm
<latexit sha1_base64="3JR8ikphjmZA0Y0ZE88q35Ks918="></latexit><latexit sha1_base64="3JR8ikphjmZA0Y0ZE88q35Ks918="></latexit><latexit sha1_base64="3JR8ikphjmZA0Y0ZE88q35Ks918="></latexit><latexit sha1_base64="3JR8ikphjmZA0Y0ZE88q35Ks918="></latexit>



Camilla Fiorini Uncertainty quantification for Navier—Stokes / 25  

Sensitivity stability

7

Proposition 2 Let Rga be a su�ciently smooth stationary function such that
r ¨ Rga “ 0 in ⌦ and Rga “ ua on �in Y �w. Then, if u ¨ n • 0 on �out and if

D1 “ 1pu,⌦q : ´
ª

⌦
rpua ¨ rqus ¨ ua § 1}rua}2

the following stability estimate holds for some �1 ° 0:

~ua~2 § 1

2⌫

ª
T

0
}f̃aptq}2

H´1p⌦qdt ` �1}Rga}2
H1p⌦q,

where f̃a “ fa ` ⌫�Rga ´ pRga ¨ rqRga .
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Time discretisation

‣ Forward Euler 
‣ Runge Kutta 

• 2nd, 3rd and 4th order 
‣ Semi-implicit Euler 

• implicit diffusion 
• explicit convection

A number of different time schemes are implemented in the code TRUST TrioCFD:

8
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Spatial discretisation

The code TRUST TrioCFD is based on a finite elements volumes method (FEV).

Th
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triangulation of the domain ⌦
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C`

Cj

•

•

xi•

•

•

K`

Kj

!i

Kj P Th
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triangles j “ 1, . . . , NT
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xi
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i “ 1, . . . , NN
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nodes

!i
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control volume

Ingredients:

Spaces:
Qh “ tqh : @K P Th, qh|K P P0pKqu,
Vh “ twh continuous in xi : @K P Th, wh|K P P1pKqu,
Vh “ twh “ pwx, wyqt : wx, wy P Vhu.
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Remark : Vh Ç H
1p⌦q
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Basis functions : 'ipxjq “ �i,j
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Vh
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Spatial discretisation

We integrate the mass equation and its sensitivity over the triangles and the momentum 
equation and its sensitivity over the control volumes : 

ª

BKjz�D

uh ¨ n “ ´
ª

BKjX�D

uh ¨ n @Kj P Th,

´
ª

B!iz�N

p⌫ruh ´ phIqn `
ª

B!i

puh b uhqn “
ª

!i

f @!i,

ª

BKjz�D

ua,h ¨ n “ ´
ª

BKjX�D

ua,h ¨ n @Kj P Th,

´
ª

B!iz�N

p⌫rua,h ´ pa,hIqn `
ª

B!i

pua,h b uh ` uh b ua,hqn “
ª

!i

fa @!i.
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uhpxq “
NNÿ

i“1

uhpxiq'ipxq, phpxq “
NTÿ

j“1

phpKjq�Kj ,

ua,hpxq “
NNÿ

i“1

ua,hpxiq'ipxq, pa,hpxq “
NTÿ

j“1

pa,hpKjq�Kj .
<latexit sha1_base64="9XsSI/do/guRYL4dqwEpnjf1JNk="></latexit><latexit sha1_base64="9XsSI/do/guRYL4dqwEpnjf1JNk="></latexit><latexit sha1_base64="9XsSI/do/guRYL4dqwEpnjf1JNk="></latexit><latexit sha1_base64="9XsSI/do/guRYL4dqwEpnjf1JNk="></latexit>

Using the basis functions of the spaces previously introduced one has : 

10
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Spatial discretisation

ÿ

iPIYN
uhpxiq ¨

ª

BKjz�D

'in “ ´
ÿ

iPD
uhpxiq ¨

ª

BKjX�D

'in @Kj P Th,

´
ÿ

jPI

ª

B!i

p⌫uhpxjq b r'jqn `
NTÿ

j“1

phpKjq
ª

B!i

�Kjn `
ª

B!i

uhpuh ¨ nq “
ª

!i

f @!i,

ÿ

iPIYN
ua,hpxiq ¨

ª

BKjz�D

'in “ ´
ÿ

iPD
ua,hpxiq ¨

ª

BKjX�D

'in @Kj P Th,

´
ÿ

jPI

ª

B!i

p⌫ua,hpxjq b r'jqn `
NTÿ

j“1

pa,hpKjq
ª

B!i

�Kjn `
ª

B!i

ua,hpuh ¨ nq ` uhpua,h ¨ nq “
ª

!i

f @!i,
<latexit sha1_base64="e8KiXwNTwxXgSAPn9ppFTUans8w="></latexit><latexit sha1_base64="e8KiXwNTwxXgSAPn9ppFTUans8w="></latexit><latexit sha1_base64="e8KiXwNTwxXgSAPn9ppFTUans8w="></latexit><latexit sha1_base64="e8KiXwNTwxXgSAPn9ppFTUans8w="></latexit>
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Spatial discretisation

ÿ

iPIYN
uhpxiq ¨

ª

BKjz�D

'in “ ´
ÿ

iPD
uhpxiq ¨

ª

BKjX�D

'in @Kj P Th,

´
ÿ

jPI

ª

B!i

p⌫uhpxjq b r'jqn `
NTÿ

j“1

phpKjq
ª

B!i

�Kjn `
ª

B!i

uhpuh ¨ nq “
ª

!i

f @!i,

ÿ

iPIYN
ua,hpxiq ¨

ª

BKjz�D

'in “ ´
ÿ

iPD
ua,hpxiq ¨

ª

BKjX�D

'in @Kj P Th,

´
ÿ

jPI

ª

B!i

p⌫ua,hpxjq b r'jqn `
NTÿ

j“1

pa,hpKjq
ª

B!i

�Kjn `
ª

B!i

ua,hpuh ¨ nq ` uhpua,h ¨ nq “
ª

!i

f @!i,
<latexit sha1_base64="e8KiXwNTwxXgSAPn9ppFTUans8w="></latexit><latexit sha1_base64="e8KiXwNTwxXgSAPn9ppFTUans8w="></latexit><latexit sha1_base64="e8KiXwNTwxXgSAPn9ppFTUans8w="></latexit><latexit sha1_base64="e8KiXwNTwxXgSAPn9ppFTUans8w="></latexit>

Bj,i
<latexit sha1_base64="Stx/tjJnc12Ov8xpLuNCASJ7zAM="></latexit><latexit sha1_base64="67cNojsXOOIGUbI8gIFzhtx8P5M="></latexit><latexit sha1_base64="67cNojsXOOIGUbI8gIFzhtx8P5M="></latexit><latexit sha1_base64="n721vDRyPQzLKxvaqn4Ie7BcHz8="></latexit>

Bj,i
<latexit sha1_base64="Stx/tjJnc12Ov8xpLuNCASJ7zAM="></latexit><latexit sha1_base64="67cNojsXOOIGUbI8gIFzhtx8P5M="></latexit><latexit sha1_base64="67cNojsXOOIGUbI8gIFzhtx8P5M="></latexit><latexit sha1_base64="n721vDRyPQzLKxvaqn4Ie7BcHz8="></latexit>

Ui
<latexit sha1_base64="9WuxlP0F4Evz0OY9wECjlRw71Hg="></latexit><latexit sha1_base64="JgE/EqIzJAWDtBLcUOxPKljofUs="></latexit><latexit sha1_base64="JgE/EqIzJAWDtBLcUOxPKljofUs="></latexit><latexit sha1_base64="UhIbgSfzTYK3CiDBVWTQgkK1OSk="></latexit>

Ua,i
<latexit sha1_base64="Pdqbqk1GPwPkaey6gmyNUTAvO5Q="></latexit><latexit sha1_base64="PSHfzKwiewSikbsID+kHypkofps="></latexit><latexit sha1_base64="PSHfzKwiewSikbsID+kHypkofps="></latexit><latexit sha1_base64="UA3YhfEw2bYF09+yypWjRgmEkQA="></latexit>

Dj
<latexit sha1_base64="aeobLKkncA/P9Lsd68er0dC0J6o="></latexit><latexit sha1_base64="NIvoke683LNV3SaeP8so6PSf6OA="></latexit><latexit sha1_base64="NIvoke683LNV3SaeP8so6PSf6OA="></latexit><latexit sha1_base64="/i5pe/5YizGKqkWvwgvF2BWTfFY="></latexit>

Da,j
<latexit sha1_base64="NnWED2cdWj8Lo2CWnckpqv2iIOA="></latexit><latexit sha1_base64="MmzdQ2jaeA2V3vjpOqoz3EcoNls="></latexit><latexit sha1_base64="MmzdQ2jaeA2V3vjpOqoz3EcoNls="></latexit><latexit sha1_base64="HZl4Y0s//YvorQ5rexrv2Mg8MKo="></latexit>

Ai,j
<latexit sha1_base64="X4J80Byd2xtV1cL/1Ul0xcBhN/U="></latexit><latexit sha1_base64="W2mJpOpC5meMR5Ofd5H8csRO978="></latexit><latexit sha1_base64="W2mJpOpC5meMR5Ofd5H8csRO978="></latexit><latexit sha1_base64="lrYktVg0QnkrIPGnL9xF2NF6kyw="></latexit>

Ai,j
<latexit sha1_base64="X4J80Byd2xtV1cL/1Ul0xcBhN/U="></latexit><latexit sha1_base64="W2mJpOpC5meMR5Ofd5H8csRO978="></latexit><latexit sha1_base64="W2mJpOpC5meMR5Ofd5H8csRO978="></latexit><latexit sha1_base64="lrYktVg0QnkrIPGnL9xF2NF6kyw="></latexit>

Ci,j
<latexit sha1_base64="t1STHnr6AEKqJcpOrtLYbEi79Qk="></latexit><latexit sha1_base64="DjVtiTzzSDRZBw1Et7ByMbQaI3I="></latexit><latexit sha1_base64="DjVtiTzzSDRZBw1Et7ByMbQaI3I="></latexit><latexit sha1_base64="VA7Q6W0lhmJ7FIF5EAGRLOx/ep4="></latexit>

Ci,j
<latexit sha1_base64="t1STHnr6AEKqJcpOrtLYbEi79Qk="></latexit><latexit sha1_base64="DjVtiTzzSDRZBw1Et7ByMbQaI3I="></latexit><latexit sha1_base64="DjVtiTzzSDRZBw1Et7ByMbQaI3I="></latexit><latexit sha1_base64="VA7Q6W0lhmJ7FIF5EAGRLOx/ep4="></latexit>

Fa,i
<latexit sha1_base64="rSigAzI8sO5P88OfQhpZHH16jdE="></latexit><latexit sha1_base64="5XlGuusvegtrLeFMefTBsns/zQ4="></latexit><latexit sha1_base64="5XlGuusvegtrLeFMefTBsns/zQ4="></latexit><latexit sha1_base64="MpNLjnyxYTUkoQ5OFIDlNodz8ZE="></latexit>

Fi
<latexit sha1_base64="3wXjskkKFxGcvQQ7jeLm51k50kc="></latexit><latexit sha1_base64="b5Grd6+I3z2c0OLoE9mQsDiTdIQ="></latexit><latexit sha1_base64="b5Grd6+I3z2c0OLoE9mQsDiTdIQ="></latexit><latexit sha1_base64="rutBMffjFlaseWLlT9b5nZvrMTw="></latexit>

Pj
<latexit sha1_base64="0odWf8jdOtS8bobkIPTAcwMpaDA="></latexit><latexit sha1_base64="PEpIn3e7TNyJLL7cERrf9lueUvE="></latexit><latexit sha1_base64="PEpIn3e7TNyJLL7cERrf9lueUvE="></latexit><latexit sha1_base64="VdSTmEgLJQuK1fRezSXkdR0/wgc="></latexit>

Pa,j
<latexit sha1_base64="rr0mTSTws2df2ppTSodZ6xNSPnE="></latexit><latexit sha1_base64="y1+huueqNI+ApNq/btaWGN9H19k="></latexit><latexit sha1_base64="y1+huueqNI+ApNq/btaWGN9H19k="></latexit><latexit sha1_base64="Afrmmibd6O/PzqUzu62F/tySZUg="></latexit>

rLpUqUsi
<latexit sha1_base64="ji8/zKkoXvhtdDvaeT8BfS6q3Gg="></latexit><latexit sha1_base64="ji8/zKkoXvhtdDvaeT8BfS6q3Gg="></latexit><latexit sha1_base64="ji8/zKkoXvhtdDvaeT8BfS6q3Gg="></latexit><latexit sha1_base64="ji8/zKkoXvhtdDvaeT8BfS6q3Gg="></latexit>

rLpUaqU ` LpUqUasi
<latexit sha1_base64="+KeICQ+F8vzp36E6QvFTcX2qiF8="></latexit><latexit sha1_base64="+KeICQ+F8vzp36E6QvFTcX2qiF8="></latexit><latexit sha1_base64="+KeICQ+F8vzp36E6QvFTcX2qiF8="></latexit><latexit sha1_base64="+KeICQ+F8vzp36E6QvFTcX2qiF8="></latexit>
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Spatial discretisation

AU ` BtP ` LpUqU “ F

BU “ D

AUa ` BtPa ` LpUaqU ` LpUqUa “ Fa

BUa “ Da
<latexit sha1_base64="Jb1wwutiAiPkrRh0FZjofdM8RnU="></latexit><latexit sha1_base64="Jb1wwutiAiPkrRh0FZjofdM8RnU="></latexit><latexit sha1_base64="Jb1wwutiAiPkrRh0FZjofdM8RnU="></latexit><latexit sha1_base64="Jb1wwutiAiPkrRh0FZjofdM8RnU="></latexit>

12
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Numerical resolution

We consider explicit Euler in time with homogeneous Dirichlet b.c. for simplicity’s sake: 

M
U˚ ´ Un

�t
“ ´AUn ´ LpUnqUn ´ BtPn ` Fn

<latexit sha1_base64="BMYE9c3lcgPtPviNWOHr0D3c7gE="></latexit><latexit sha1_base64="dQV8B44r4//g2wsiws7KAcr0BVA="></latexit><latexit sha1_base64="dQV8B44r4//g2wsiws7KAcr0BVA="></latexit><latexit sha1_base64="Rt+KWEguFv83rLxZLhNKp8uVCJ4="></latexit>

pBM´1Btq�P “ 1

�t
BU˚

<latexit sha1_base64="j9wJ3Z8aoBEyA4PjczoSreM3Cjs="></latexit><latexit sha1_base64="oAVpES9YTCXWhn7rbocVb4gwT1o="></latexit><latexit sha1_base64="oAVpES9YTCXWhn7rbocVb4gwT1o="></latexit><latexit sha1_base64="g4UubczJcj3PggOo9syXVHqD7Ww="></latexit>

Un`1 “ U˚ ´ �tM´1Bt�P
<latexit sha1_base64="ZfscsegznI5iDvfF8tcaqVfB7vU="></latexit><latexit sha1_base64="Q9mY/ShZpNG3pZ6XNgsNfPEGY5k="></latexit><latexit sha1_base64="Q9mY/ShZpNG3pZ6XNgsNfPEGY5k="></latexit><latexit sha1_base64="3iJH+xmuPDlM8t0bDBS8Sqs3a08="></latexit>

Pn`1 “ Pn ` �P
<latexit sha1_base64="MaNQr9iB0J5I3KU5Fj/pYwi6Nro="></latexit><latexit sha1_base64="4I854pW7xeOl9WbjIM0MPG36a7E="></latexit><latexit sha1_base64="4I854pW7xeOl9WbjIM0MPG36a7E="></latexit><latexit sha1_base64="kuZqiSMyUc2j/Tj94Alt7GcriV4="></latexit>

#
M Un`1´Un

�t “ ´AUn ´ LpUnqUn ´ BtPn`1 ` Fn

BUn`1 “ 0
<latexit sha1_base64="v85DnkU0wu3PNv4VWGDQyJopReI="></latexit><latexit sha1_base64="X0/bCqlefwYJUY1VNsZ+0fnSEZ4="></latexit><latexit sha1_base64="X0/bCqlefwYJUY1VNsZ+0fnSEZ4="></latexit><latexit sha1_base64="iDtKufN4rZiSb23hmf4kapItyME="></latexit>
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Validation of the CSE method

Test case description

Domain :

�in �out

�top

�bottom

�obst

0

`

y

0 xD L x

d

`�d
2

`�d
2

0

`

y

0 xD L x

d

`�d
2

`�d
2

0

`

y

0 xD L x

d

`�d
2

`�d
2

0

`

y

0 xD L x

d

`�d
2

`�d
2

0

`

y

0 xD L x

d

`�d
2

`�d
2

0

`

y

0 xD L x

d

`�d
2

`�d
2

0

`

y

0 xD L x

d

`�d
2

`�d
2

0

`

y

0 xD L x

d

`�d
2

`�d
2

0

`

y

0 xD L x

d

`�d
2

`�d
2

<latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit>

gpyq “ 4A

`2
yp` ´ yq

<latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit>

Uncertain parameter a “ A
<latexit sha1_base64="6omvJiAPDfRv2fQgI7X0rFP70Cs="></latexit><latexit sha1_base64="6omvJiAPDfRv2fQgI7X0rFP70Cs="></latexit><latexit sha1_base64="6omvJiAPDfRv2fQgI7X0rFP70Cs="></latexit><latexit sha1_base64="6omvJiAPDfRv2fQgI7X0rFP70Cs="></latexit>
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Validation of the CSE method

errpuq “ upx, T ; a ` �aq ´ upx, T ; aq ´ �auapx, T ; aq » Op�a2q
<latexit sha1_base64="QdTPTbQiepn5O3A3Yd7boSUmT20="></latexit><latexit sha1_base64="vd7D2CJ2DKvRHX8UR4YBrkp/ffg="></latexit><latexit sha1_base64="vd7D2CJ2DKvRHX8UR4YBrkp/ffg="></latexit><latexit sha1_base64="99jTT+111rLaDMHyIYu8HtzqjRM="></latexit>

10�2 10�1

10�7

10�6

10�5

10�4

10�3

�a

kerr(uh)kL2

kerr(vh)kL2

O(�a2)

10�2 10�1

10�7

10�6

10�5

10�4

10�3

�a

kerr(uh)kL1

kerr(vh)kL1

O(�a2)

Results

15



Camilla Fiorini Uncertainty quantification for Navier—Stokes / 25  

Validation of the CSE method

errpuq “ upx, T ; a ` �aq ´ upx, T ; aq ´ �auapx, T ; aq » Op�a2q
<latexit sha1_base64="QdTPTbQiepn5O3A3Yd7boSUmT20="></latexit><latexit sha1_base64="vd7D2CJ2DKvRHX8UR4YBrkp/ffg="></latexit><latexit sha1_base64="vd7D2CJ2DKvRHX8UR4YBrkp/ffg="></latexit><latexit sha1_base64="99jTT+111rLaDMHyIYu8HtzqjRM="></latexit>

10�2 10�1

10�7

10�6

10�5

10�4

10�3

�a

kerr(uh)kL2

kerr(vh)kL2

O(�a2)

10�2 10�1

10�7

10�6

10�5

10�4

10�3

�a

kerr(uh)kL1

kerr(vh)kL1

O(�a2)

Op�a2q » Ophrq
<latexit sha1_base64="RBY5AA4irNUaBDSNE0kiRrOmMQQ="></latexit><latexit sha1_base64="RBY5AA4irNUaBDSNE0kiRrOmMQQ="></latexit><latexit sha1_base64="RBY5AA4irNUaBDSNE0kiRrOmMQQ="></latexit><latexit sha1_base64="RBY5AA4irNUaBDSNE0kiRrOmMQQ="></latexit>
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Numerical results

16

State

Sensitivity

0
0.075
0.15
0.225
0.3

-0.1629
0.191
0.5448
0.8986
 1.252

x axis

y axis

y axis

1.510.5

x axis1.510.5

0.1
0.2

0.3

0.4
0.5
0.6

0.1
0.2

0.3

0.4
0.5
0.6

Steady case : x-component of the velocity and its sensitivity
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Numerical results

17

State

Sensitivity

0
0.00675
0.135
0.2025
0.027

-0.04
0.01
0.06
0.11
0.16

x axis

y axis

y axis

1.510.5

x axis1.510.5

0.1
0.2

0.3

0.4
0.5
0.6

0.1
0.2

0.3

0.4
0.5
0.6

Steady case : pressure and its sensitivity
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Numerical results

18

t =

-3
-0.75
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x axis

y axis

y axis
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x axis1.510.5
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0.2

0.3

0.4
0.5
0.6
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0.5
0.6
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Numerical results

18
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Let a be a gaussian random vector, with the following average and variance:

µa =

2

64
µa1

...
µaM

3

75 , �a =

2

6664

�2
a1

cov(a1, a2) . . . cov(a1, aM )
cov(a1, a2) �2

a2
. . . cov(a2, aM )

...
. . .

...
cov(a1, aM ) . . . �2

aM

3

7775
,

Aim: determine a confidence interval

Monte Carlo approach: N samples of the state

�2
X =

1

N � 1

NX

k=1

|µX �Xk|2µX =
1

N

NX

k=1

Xk

Xk

Uncertainty quantification

19

P pX P CIXq • 1 ´ ↵
<latexit sha1_base64="y98Zzj3YLN8Hgu0PH9DPBYK1Jjg="></latexit><latexit sha1_base64="y98Zzj3YLN8Hgu0PH9DPBYK1Jjg="></latexit><latexit sha1_base64="y98Zzj3YLN8Hgu0PH9DPBYK1Jjg="></latexit><latexit sha1_base64="y98Zzj3YLN8Hgu0PH9DPBYK1Jjg="></latexit>

CIX “ rµX ´ dp�Xq, µX ` dp�Xqs
<latexit sha1_base64="Zj5McI8wZvUD/Q1yiBMHVm790DE="></latexit><latexit sha1_base64="Zj5McI8wZvUD/Q1yiBMHVm790DE="></latexit><latexit sha1_base64="Zj5McI8wZvUD/Q1yiBMHVm790DE="></latexit><latexit sha1_base64="Zj5McI8wZvUD/Q1yiBMHVm790DE="></latexit>
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Sensitivity approach: let us consider the following first order Taylor expansion    

µX = E[X(a)] = X(µa) +
MX

i=1

Xai(µa)E[ai � µai ] = X(µa),

Then, computing, the average one has:

And for the variance:

�2
X = E[(X(a)� µX)2] = E

2

4
 

MX

i=1

Xai(µa)(ai � µai)

!2
3

5 =

=
MX

i=1

X2
ai
(µa)E[(ai � µai)

2] +
MX

i,j=1
i 6=j

Xai(µa)Xaj (µa)E[(ai � µai)(aj � µaj )].

Therefore, we have the following first order estimates:

µX = X(µa), �2
X =

MX

i=1

X2
ai
�2
ai

+
MX

i,j=1
i 6=j

XaiXajcov(ai, aj).

Uncertainty quantification

20

Xpaq “ Xpµaq `
Mÿ

i“1

pai ´ µaiqXaipµaq ` op}a ´ µa}2q
<latexit sha1_base64="X75wKkvV7dkTRK1BFqQsKUYHr9I="></latexit><latexit sha1_base64="X75wKkvV7dkTRK1BFqQsKUYHr9I="></latexit><latexit sha1_base64="X75wKkvV7dkTRK1BFqQsKUYHr9I="></latexit><latexit sha1_base64="X75wKkvV7dkTRK1BFqQsKUYHr9I="></latexit>
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Uncertainty quantification

21

Monte Carlo approach: SA approach :

Provides information on the 
distribution of the output 

Smaller confidence 
intervals

No insight on the 
distribution of the output 

Valid for small variation of 
the input

Reasonable computational 
cost (depending on the 
number of parameters)

Computational cost
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How to compute a confidence interval for an unknown distribution?

Chebyshev's inequality: P p|X ´ µX | • �q § �2
X

�2
@� ° 0

<latexit sha1_base64="9Ony0QhzgF8qEtJUkS04gao8FaM="></latexit><latexit sha1_base64="9Ony0QhzgF8qEtJUkS04gao8FaM="></latexit><latexit sha1_base64="9Ony0QhzgF8qEtJUkS04gao8FaM="></latexit><latexit sha1_base64="9Ony0QhzgF8qEtJUkS04gao8FaM="></latexit>

Which implies: P pX P pµX ´ �, µX ` �qq • 1 ´ �2
X

�2
.

<latexit sha1_base64="VQJ2+9DZOZZzBXM0ZJ1bwJHoUZA="></latexit><latexit sha1_base64="VQJ2+9DZOZZzBXM0ZJ1bwJHoUZA="></latexit><latexit sha1_base64="VQJ2+9DZOZZzBXM0ZJ1bwJHoUZA="></latexit><latexit sha1_base64="VQJ2+9DZOZZzBXM0ZJ1bwJHoUZA="></latexit>

Now, by asking for                           one obtains                .1 ´ �2
X

�2
“ 1 ´ ↵

<latexit sha1_base64="l1bK5Ujd8P86+VrTLmshtgGspJU="></latexit><latexit sha1_base64="l1bK5Ujd8P86+VrTLmshtgGspJU="></latexit><latexit sha1_base64="l1bK5Ujd8P86+VrTLmshtgGspJU="></latexit><latexit sha1_base64="l1bK5Ujd8P86+VrTLmshtgGspJU="></latexit>

� “ �X?
↵

<latexit sha1_base64="zv5XIBbDOXtbh9wG53dq5Wt/upU="></latexit><latexit sha1_base64="zv5XIBbDOXtbh9wG53dq5Wt/upU="></latexit><latexit sha1_base64="zv5XIBbDOXtbh9wG53dq5Wt/upU="></latexit><latexit sha1_base64="zv5XIBbDOXtbh9wG53dq5Wt/upU="></latexit>

Remark: if the variable X was gaussian, to obtain a 95% confidence interval the half 
amplitude should be            , whilst with this method we obtain            .1.96�X

<latexit sha1_base64="lJ00Hlks9RcLi5RHPdqw0Y8vcHU="></latexit><latexit sha1_base64="lJ00Hlks9RcLi5RHPdqw0Y8vcHU="></latexit><latexit sha1_base64="lJ00Hlks9RcLi5RHPdqw0Y8vcHU="></latexit><latexit sha1_base64="lJ00Hlks9RcLi5RHPdqw0Y8vcHU="></latexit>

4.47�X
<latexit sha1_base64="N1cKN6DoEPPaKBfbWuWAJhatMuQ="></latexit><latexit sha1_base64="N1cKN6DoEPPaKBfbWuWAJhatMuQ="></latexit><latexit sha1_base64="N1cKN6DoEPPaKBfbWuWAJhatMuQ="></latexit><latexit sha1_base64="N1cKN6DoEPPaKBfbWuWAJhatMuQ="></latexit>
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Test case
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<latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit>

�w = �obst [ �top [ �bottom
<latexit sha1_base64="7QLVvCsgZ46LMlUEmZ1V9w2JZdc="></latexit><latexit sha1_base64="7QLVvCsgZ46LMlUEmZ1V9w2JZdc="></latexit><latexit sha1_base64="7QLVvCsgZ46LMlUEmZ1V9w2JZdc="></latexit><latexit sha1_base64="7QLVvCsgZ46LMlUEmZ1V9w2JZdc="></latexit>

gpyq “ 4A

`2
yp` ´ yq

<latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit>

uncertain 
parameter
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Numerical results
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‣ Publish the sensitivity module of the code 

‣ Higher order schemes in space 

‣ Extension to 3D 

‣ Coupling with a temperature equation 

‣ More realistic simulations 

‣ Turbulence models

Conclusion and perspectives

25



Thank you
for your attention!


