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Code TRUST TrioCFD:

Context

» Developed at CEA

» Open source

» Solves 2D and 3D Navier-Stokes

» o uncertainty quantification tools™>

Camilla Fiorini

L» prediction of the worst case scenario

important for security reasons
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Sensitivity Analysis

Sensitivity analysis (SA) : study of how changes in the inputs of a model affect the
outputs

output Sensitivity :

(state) ou _
oa .

input .
parameters

a u

Continuous sensitivity equation (CSE) method :

ou+ L(u)=f Q,t>0

+ Initial and boundary conditions.
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S State and sensitivity equations

4A

The Navier—Stokes equations : Domain : 9(y) = 5—29(5 )
r8tu—VAu+(u-V)u+Vp=f O, t >0, j Ftop

v.u:O Q7t>07 Lobst \%
Ju(x,0) =0 0.t =0, I H g Cou

u=—g(y)n on 'y, 0+ T

u=>0 on I'y, , , L
 (vVu—pl)n =0 on I'yy:. ’ P L®

Fw — I‘obst U I‘top U 1_‘bottorn

The sensitivity equations :

r&tua — VAua + (ua . V)u + (u . V)Ua + VPCL O, \

V-u, =0 Ot>0, o=kt drin

< u,(x,0) =0 Q,t =0, Remark : these are
u, = —gq(y)n on I';,, known as the Oseen
u, =0 on Iy, equations.

 (vVu, —pgl)n =0 on I',,;.

Camilla Fiorini Uncertainty quantification for Navier—Stokes 5 /25



V>

State stability

Proposition 1 Let R, be a sufficiently smooth stationary ' function such that
V-R;,=0mQand R, = uonly, ul'y. Then, if u-n = 0 on 'y the
following stability estimate holds for some v > 0:

1 (-
ull? < 55 | 1RO @t + 2R o

where f = f + VAR, — (R, - V)R, and the norm || - || is defined as follows:

T

Ila|? := Ju(T)]* + CL |[Vu(t)[?dt.
I°> — norm

"If the boundary conditions depend on time, R, cannot be taken stationary.

Camilla Fiorini Uncertainty quantification for Navier—Stokes 6 /25



V>

Sensitivity stability

Proposition 2 Let Ry, be a sufficiently smooth stationary function such that
V-Ry, =0inQand R;, =u, on Iy, vI'y,. Then, ifu-n =0 on L'y, and if

N

k1 = k1(0, Q) : — f [(ug - V)ul - u, |Vu,|?

Q

the following stability estimate holds for some v; > 0:

1 ("
loal® < 55 | a1 ms eyt + 1R, oy

where £, = £, + VAR, — (Ry, - V)Ry,. “Morally™ it is |[Vu|

- JQKua V)] - g < )34 V) < O Val|Va,

H' = L*
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Time discretisation

A number of different time schemes are implemented in the code TRUST TrioCFD:

» Forward Euler
» Runge Kutta

e 2nd, 3rd and 4th order
» Semi-implicit Euler

e implicit diffusion

e explicit convection
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Spatial discretisation

The code TRUST TrioCFD is based on a finite elements volumes method (FEV).

Ingredients:

Th triangulation of the domain
K; e Ty, triangles j =1,...,Nr
x; hodes 1 =1,..., Ny

w; control volume

Spaces:

Qn =1{qn : VK € Th, qn|x € Po(K)},
Vi, = {wy, continuous in x; : VK € Ty, wp|x € P1(K)},

Vi = {wy = (wx,wy)t LWy, Wy € Vit

Basis functions : i(x;) = 6;; for Vj,
XK for Qp

Remark : V,, £ H*(Q)
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S Spatial discretisation JIL

We integrate the mass equation and its sensitivity over the triangles and the momentum
equation and its sensitivity over the control volumes :

J uh-nz—f up, - 1n VKjE'ﬁL,
é‘Kj\I‘D 5Kj(‘\FD

_J (Vvllh —ph[)n + J (uh ®uh)n = f f Vwi,
8wi\FN Ow;

Wsq

J ua’h-nz—J u,, -n VK, eT,,
6Kj\I‘D 8ijI‘D

- f (Vvua,h — pa,hf)ﬂ T J (ua,h Xup +u,® ua,h)n = f f, Yw;.
Owi\I' N Ow;

Wi

Using the basis functions of the spaces previously introduced one has :

w0 = Y wG)eit), 0= (K,
() = D0 (6)0i). pan(0) = D) pan (B
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Spatial discretisation

Nt
—ZJ (vup(x;) ® Vi) n+2ph f XKH+J up(up H)ZJ f Vi,
Ow; j=1 ow; ow; wj
Zuahxz-f ;N VK, €Ty,
’LED 8ijI‘D
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Spatial discretisation
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Spatial discretisation

AU+ B'P+ L(U)U=F

BU =D
AU, + B'P, + L(U,)U + L(U)U, = F,
BU, =D,
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Numerical resolution

We consider explicit Euler in time with homogeneous Dirichlet b.c. for simplicity’s sake:

Camilla Fiorini

MU”JXt—U” — _AU" — L(Un)Un . Btpn—l—l 4 Fn
BUn—I—l _ O
¥ TN
mY AtU = -AU" - L(U")U" — B'P" + "
1
BM'BYHéP = — BU*
( ) A7

Ut = U* - AtM'BtsP

prtt = P+ 4P
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Validation of the CSE method

Test case description

Domain :

g(y) =

Camilla Fiorini

FtOp
Fout
FbOttOm
—
I, X
4A |
A Uncertain parameter a = A
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Validation of the CSE method

Results

err(u) = u(z, T;a + da) — u(z, T;a) — Saugy(z, T;a) ~ O(5a?)

t\ : T [ I I I 11 [
10-3 ; | 10~3 - | —o— |lerr(up )| L -
~o flerr(v) |1~
B | 10-4 | N O(5a2) -
1074 | E
| 0] ;
i I il
10—6 ; ; 10 % %
10-7 | | 1077 .7 .
1 L1 ] 1 L1 n
102 101 1072 101
da da
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t [T [ [ [ [ 1T [
103 ; | 10~3 - | —o— |lerr(up )| L -
g g - | —o— ||err(vp)|| L -
i | |- O(da? |
10_4 i . 10—4 g ( a ) ;
10-5 | | 1070 £
1076 1 | 1070 | E
§ | .
i | —7 ; P | ;
- n C 0 N R n
102 4 1072
da
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Numerical results

Ve

Steady case : x-component of the velocity and its sensitivity

y axis

0.6
0.5
0.3
0.4 '
State 05 - 0.225
0.2 0.15
0.1 0.075
0
0.5 1 1.5 X axis
Sensitivity
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Numerical results

Ve

Steady case : pressure and its sensitivity

y axis
0.6
0.5
0.027
0.4 |
State 05 - 0.2025
05 0.135
0.1 0.00675
0
0.5 1 1.5 X axis
y axis
0.6
08 0.16
0.4 ' |
Sensitivity 03 - 0.11
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‘ -0.04
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Numerical results

v

t=0.680104
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Numerical results
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Uncertainty quantification

Let a be a gaussian random vector, with the following average and variance:

_ - ) 021 COV(al, ag) ce COV(CL1, CLM)-
’uf“ cov(ai, as) 022 ... cov(ag,apn)
/’La — y Oa — . )
Han_ cov(a | 2
i 1, CLM) s Oans _

Clx = |px —d(ox), ux +d(ox)]
P(XeClx)>1—-«

Aim: determine a confidence interval

Monte Carlo approach: N samples of the state X,
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Uncertainty quantification

Sensitivity approach: let us Consider the following first order Taylor expansion

X(a) = X(ua) + 2 — tta,) Xa, (4a) + o2 — pra]?)
Then, computing, the average one has:
M
px = E[X(a)] = X (ua) + ZXai (ta)Elai — pa;] = X (Ha),
1=1
And for the variance: _ o
M
ok = E[(X(a) — ux)’] = E (ZX Ha )) =
1=1
M M )
— ZXc% (Na)E[( Ha; )| T+ Z Xa, Na)Xag (Ma)E[( Naz)( Ha )]
i=1 i,j=1
7
Therefore, we have the following first order estimateS'
nx = X(la), 0% = ZXaz o, + Z Xa,Xq,cov(as, aj).
1,7=1
1]
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Monte Carlo approach:

Provides information on the
distribution of the output

Smaller confidence
intervals

Computational cost

Uncertainty quantification

SA approach :

Reasonable computational

cost (depending on the
number of parameters)

No insight on the
distribution of the output

== \/alid for small variation of
the input
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Uncertainty quantification

How to compute a confidence interval for an unknown distribution?

ChebyshevV's inequality: P(|X —pux| =) < X yA>0

Which implies: P(X € (ux — A, px +A) = 1 — X

2
Now, by asking for1 — 9% _ 1 _ 4 oneobtains A= X

2 Ja

Remark: if the variable X was gaussian, to obtain a 95% confidence interval the half
amplitude should be 1.960 x, whilst with this method we obtain 4.470 x .
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S Test case
i uncertain
Domain : parameter
g(y) = ZZ—Qly(g — y) 104 ‘ Pdf of random variable A ‘
Y
E 1 I‘top 4t |
£—d
Fobst | 2 3| il
F " D id Fout
54 9| |
O__
Fbottom L 7
0 z0 —
0 -

Fw — Fobst U Ftop U Fbotto’m .‘ ,‘ ‘ ,‘ ,‘
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Numerical results JiL

Confidence interval for u,, . Confidence interval for u, L0 g]onﬁdence interval for the pressure
T T T 2 ;10 ‘ \ = . T \
B i s |
0.2} : 1
0 . 61 |
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1l |
5 - |
0 - |
| | | | -2 | | | | | | | |
0 0.2 0.4 0.6 0 0.2 0.4 0.6 0 0.2 0.4 0.6
Y )
Confidence interval for u, ) Confidence interval for u, 10 2Conﬁdence interval for the pressure
10~ 10—
I I I T T I I I I I
2 - |
0.3} =
0f . 2 |
9 |
0.25 - =
4] | 1 |
0.2 = —6| |
0 - |
! ! ! ! ! _8 L | | | | | ] | | | | |
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
x x x
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Conclusion and perspectives

Publish the sensitivity module of the code
Higher order schemes in space
Extension to 3D

Coupling with a temperature equation
More realistic simulations

Turbulence models
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Thank you

for your attention!



