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A B S T R A C T

We present a stability estimate for the sensitivity of the incompressible Navier–Stokes equations under
uncertainty in model parameters such as viscosity and initial or boundary conditions. The approach employs
the stochastic Galerkin method, wherein the solution is represented using a generalized polynomial chaos
expansion. The governing equations are projected onto stochastic basis functions, resulting in an extended
coupled equation system. These coupled equations are challenging to solve numerically. A decoupling method
is proposed to simplify their numerical resolution, which, along with the stability estimates, represents one
of this study’s most valuable and original aspects. Finally, we present the lid-driven cavity numerical test to
evaluate the polynomial chaos method and compare the solutions with the numerical data published in the
literature.
1. Introduction

In fluid dynamics, the Navier–Stokes equations describe the fun-
damental principles governing the dynamics of viscous fluid flows.
Despite their deterministic nature, real-world fluid systems naturally
contain uncertainties from various sources, such as uncertain boundary
conditions, initial conditions, and input parameters. These uncertainties
pose significant challenges to accurately predict and understand fluid
behavior using traditional deterministic models. Sensitivity analysis is
a possible strategy for quantifying the sensitivity of fluid flow simu-
lations to uncertainties. In this paper, we adapt this approach to the
Navier–Stokes equations, using the Polynomial Chaos Method (PCM).

Over the years, the PCM has become a widely used technique for
uncertainty quantification and sensitivity analysis. Its evolution has
been characterized by a growing recognition of its fundamental role in
resolving the complex interaction between uncertain input parameters
and model outputs. The PCM has been extensively applied in various
fields, including heat transfer problems [1,2], thermal-hydraulics [3,4]
and porous media [5–7]. It is also applied to solid mechanics prob-
lems, which often involve complex nature and multiple interacting
physical phenomena [8]. Furthermore, it is used in fluid–structure
interactions [9–12], in which the interactions between one or more
structures and fluid flows present significant challenges due to their
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nonlinear and multidisciplinary nature. Additionally, the PCM finds ap-
plication in various other fields, including chemical processes [13] and
radioactive decay [14]. This work focuses on using the PCM in Com-
putational Fluid Dynamics (CFD), and particularly on its application
to the Navier–Stokes equations. In Polynomial Chaos Expansion (PCE),
random variables are expressed as linear combinations of orthogonal
polynomials, with the coefficients representing the contributions of
each polynomial basis function to the expansion. The PCM was first
introduced in [15] in 1938 with Wiener’s theory of homogeneous
chaos. In 2002, Xiu and Karniadakis [16] extended polynomial chaos
to generalized polynomial chaos (gPC) for the polynomials of the Askey
scheme. Later, this method was further extended to arbitrary distribu-
tions in [17]. In this approach, the random variables are expressed
as linear combinations of orthogonal polynomials called Polynomial
Chaos Expansion (PCE). The main goal of the PCM is to compute the
coefficients of the linear combinations in the PCE since they capture
the influence of the uncertainties in the input variables on the solution.
This can be achieved through either an intrusive approach [18,19], in
which the governing equations are projected onto the subspace spanned
by the PC basis using the Galerkin formulation, or non-intrusive ap-
proach [12,20], in which the existing deterministic solvers are treated
as a black box. Both approaches have their advantages, and the
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choice between them depends on the problem’s particular demands,
he model’s complexity, and the available resources. The non-intrusive
pproach is easy to implement and can be used with black-box models
here the equations are not explicitly available. On the other hand, the

ntrusive approach proves to be more efficient when code modification
s feasible and very efficient in terms of numerical computation time.
his work considers the Intrusive Polynomial Chaos Method (IPCM).
he IPCM method recently became a very used and efficient method
or uncertainty quantification [21], efficient in terms of computa-

tional time [22] especially when applied to complex models like the
Navier–Stokes equations.

Specifically, we are interested in the efficient computation of so-
utions of the Navier–Stokes equations with uncertain viscosity and
ncertain initial or boundary conditions [19]. Uncertain viscosity is

a significant problem in many domains. Such as biomedical flows,
more precisely the blood flow viscosity problem, where the blood
viscosity uncertainty is investigated and its effect on the quantities
of interest, such as wall shear, pressure and mass flow split [23,24],
is quantified. The uncertain viscosity problem is critical in engineer-
ing applications such as aeroelasticity [25], nuclear industry [26,27],
turbomachinery [28], energy harvesting of flexible structures [29], etc.

In the following, we use the intrusive PCM to compute the first-
order sensitivity of the Navier–Stokes equations. We prove the well-
osedness of the sensitivity equations, i.e., that they have a unique
olution that is continuously dependent on the input data, using an
nergy estimate inspired by the proof detailed in [30]. Firstly, we con-

sider only one uncertain parameter within the Navier–Stokes equations.
Secondly, we extend this approach to incorporate the multivariate
polynomial chaos method to handle scenarios where more than one
parameter is uncertain. Two types of multivariate polynomial chaos
methods exist: one involves independent random variables, while the
other involves dependent random variables.

The PCM for multivariate independent random variables is consid-
red and extended from the univariate PCM, where the orthogonal

multivariate polynomials are the product of the constructed univariate
rthogonal polynomials [31]. The PCM for multivariate dependent
ariables is described in many papers [31,32], where they present

approaches to construct a basis of the probability space of orthogonal
polynomials for general multivariate distributions with correlations
between the random input variables. A goal of our work is, among
other things, to calculate the variance of the solution of the Navier–
Stokes equations when there are uncertain parameters. This is called
Uncertainty Quantification (UQ). There are many approaches to do this,
ut in this paper the PCM is used and then compared to the Taylor
xpansion and the result is extremely accurate.

The original contributions of this work are the following:

(i) We show a stability estimate for the Navier–Stokes solution and
its sensitivity.

(ii) We present an approach that involves decoupling the coupled
equations resulting from applying the intrusive PCM to the
Navier–Stokes equations. This decoupling method makes it pos-
sible to separate the equations, which is highly convenient for
implementation in a pre-existing code.

(iii) Finally, we will present numerical result for the lid-driven cavity
problem, with an uncertain viscosity, with uncertain boundary
condition and, finally, with both uncertainties. We present an
estimate of the mean and the standard deviation of the uncertain
variables.

This paper is structured as follows. In Section 2 the physical model
is presented. In Section 3 the univariate polynomial chaos method
is introduced as well as the multivariate PCM and its significance
in computing the mean and variance of the uncertain variable using
the expansion coefficients directly, when more than one parameter
is uncertain. In Section 4, the PCM is applied to the Navier–Stokes
309
equations, and the well-posedness of the sensitivity equations is dis-
ussed. In Section 5 an approach that involves decoupling for the

coupled equations resulting from applying the intrusive PCM to the
Navier–Stokes equations, is introduced. In Section 6 the well-known
lid-driven cavity numerical test is presented, in which three scenarios
are presented: one involving uncertain fluid viscosity, one involving
uncertain boundary conditions (specifically the lid-driven velocity),
and one involving uncertainties in both parameters.

2. Physical model

Let 𝛺 ∈ R2 be a domain that has a Lipschitz-continuous boundary.
he incompressible Navier–Stokes equations [33,34] consist in finding

(𝐮, 𝑝) such that:
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑡u(x, 𝑡) − 𝜈 𝛥u(x, 𝑡) + (u(x, 𝑡) ⋅ ∇)u(x, 𝑡) + ∇𝑝(x, 𝑡) = f(x) 𝛺 , 𝑡 > 0, (1a)

∇ ⋅ u(x, 𝑡) = 0 𝛺 , 𝑡 > 0, (1b)

u(x, 0) = 0 𝛺 , 𝑡 = 0, (1c)

u(x, 𝑡) = g(𝐱, 𝑡) 𝛤 = 𝜕 𝛺 , 𝑡 > 0. (1d)

where 𝐮(𝐱, 𝑡) = (𝑢(𝐱, 𝑡), 𝑣(𝐱, 𝑡)) is the velocity, 𝑝 is the pressure, 𝐟 =
(𝑓𝑥, 𝑓 𝑦) is the stationary external force and 𝐠(𝐱, 𝑡) = (𝑔𝑥(𝐱, 𝑡), 𝑔𝑦(𝐱, 𝑡))
the Dirichlet boundary condition. The first equation models the con-
servation of the momentum and the second one the conservation of the
mass. For the sake of simplicity, only homogeneous Dirichlet boundary
conditions are considered. We consider that the conditions such that
here exists a unique variational solution (𝐮, 𝑝) ∈ 𝐻1

0 (𝛺)2 × 𝐿2
0(𝛺) are

et [33,34].

3. Overview of the PCM

The intrusive PCM consists of replacing the uncertain variables in
the Navier–Stokes equations with their PCE to model uncertainty prop-
agation. The resulting equations are projected onto orthogonal polyno-
mials, yielding deterministic equations. This process provides a com-
pact representation of the output variable with respect to the inputs,
reating the sensitivity model. This section introduces the univariate
CM as well as the multivariate method.

3.1. The univariate PCM

We consider the case where the viscosity 𝜈 or the initial or boundary
conditions are uncertain. The variables 𝐮 and 𝑝 depend on 𝐱, 𝑡 and are
assumed to depend on an additional uncertain parameter 𝑎, uniformly
istributed with 𝜇 the mean and 𝜎 the standard deviation. In other
ases, such as uncertain boundary or initial conditions where the
ncertain parameter can naturally follow a normal distribution, the
ormal distribution is used as discussed in [19]. This parameter 𝑎 can
e an input parameter or the initial or boundary condition. The external
orce 𝐟 is stationary and depends only on 𝐱 and 𝑎. In PCM the uncertain
ariables can be decomposed on a basis of orthogonal polynomials, the
o-called PCE [18,35,36]. The variable 𝑌 (𝐱, 𝑡; 𝑎) can then be expressed

by its PCE

𝑌 (𝐱, 𝑡; 𝑎) =
𝑛
∑

𝑖=0
𝑌𝑖(𝐱, 𝑡)𝜓𝑖(𝑎). (2)

The unknowns, 𝑌𝑖, are deterministic coefficients representing the ran-
dom mode 𝑖 of the physical variable 𝑌 , and 𝜓𝑖 are the orthogonal
polynomials of degree 𝑖. In the present work, only first-order sensitivity
is considered, i.e., 𝑛 = 1. Orthogonality means that

⟨𝜓𝑖, 𝜓𝑗⟩ = ⟨𝜓𝑖, 𝜓𝑖⟩𝛿𝑖𝑗 , (3)

where ⟨⋅, ⋅⟩ denotes the inner product

⟨𝜓 , 𝜓 ⟩ = ⟨𝜓 𝜓 ⟩ ≡ 𝑤(𝑎)𝜓 (𝑎)𝜓 (𝑎)𝑑 𝑎, (4)
𝑖 𝑗 𝑖 𝑗 ∫ 𝑖 𝑗
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𝑤 is the weighting function and 𝛿𝑖𝑗 is the Kronecker delta. If ⟨𝜓𝑖, 𝜓𝑖⟩ = 1,
the polynomials are called orthonormal. The optimal polynomials 𝜓0(𝑎)
and 𝜓1(𝑎) for the random variable 𝑎 are given in this section. For this
purpose the weighting function 𝑤(𝑎) is considered to be the Probability

ensity Function (PDF) of the distribution of 𝑎. In Section 4 the product
f three orthogonal polynomials is used and it is defined as follows

⟨𝜓𝑖𝜓𝑗𝜓𝑘⟩ ≡ ∫ 𝑤(𝑎)𝜓𝑖(𝑎)𝜓𝑗 (𝑎)𝜓𝑘(𝑎)𝑑 𝑎.

The viscosity 𝜈 is spatially and temporally constant, it depends only on
. In what follows 𝜈 is uniformly distributed. The choice of the uniform
istribution is due to the fact that 𝜈 is small and positive thus it cannot
ollow distributions over negative or large intervals. In terms of mean

and variance 𝜎2, the probability density function of the continuous
niform distribution is

𝑤(𝑎) =
⎧

⎪

⎨

⎪

⎩

1

2
√

3𝜎
𝑖𝑓 𝑎 ∈ [−

√

3𝜎 + 𝜇 ,
√

3𝜎 + 𝜇],

0 otherwise,

with −
√

3𝜎 + 𝜇 and
√

3𝜎 + 𝜇 positive. To find the first-order sensitivity
of the Navier–Stokes equations, Eq. (1), firstly, the polynomials 𝜓0(𝑎)
and 𝜓1(𝑎) are calculated. Let 𝜓0(𝑎) = 𝛼 and 𝜓1(𝑎) = 𝛽 𝑎 + 𝛾 be two
orthonormal polynomials with 𝛼 , 𝛽, and 𝛾 ∈ R. Using the inner product
Eq. (4) yields

⟨𝜓0, 𝜓0⟩ = ∫R
𝜓0(𝑎)𝜓0(𝑎)𝑤(𝑎)𝑑 𝑎 = 1 ⟹ ∫

√

3𝜎+𝜇

−
√

3𝜎+𝜇
𝛼2 1

2𝜎
√

3
𝑑 𝑎 = 1,

⟹ 𝛼 = 1.
Therefore 𝜓0(𝑎) = 1. Then to compute 𝜓1, the inner product of 𝜓0 and
1 is calculated as follows

⟨𝜓0, 𝜓1⟩ = ∫R
𝜓0(𝑎)𝜓1(𝑎)𝑤(𝑎)𝑑 𝑎 = 0 ⟹ ∫

√

3𝜎+𝜇

−
√

3𝜎+𝜇
(𝛽 𝑎 + 𝛾)𝑑 𝑎 = 0,

⟹ 𝛾 = −𝛽 𝜇 ,
thus 𝜓1(𝑎) = 𝛽(𝑎 − 𝜇). It remains to find the value of 𝛽, thus ⟨𝜓1, 𝜓1⟩ is
computed

⟨𝜓1, 𝜓1⟩ = ∫R
𝜓1(𝑎)𝜓1(𝑎)𝑤(𝑎)𝑑 𝑎 = 1,⟹ 1

2𝜎
√

3 ∫

√

3𝜎+𝜇

−
√

3𝜎+𝜇
𝛽2(𝑎 − 𝜇)2𝑑 𝑎 = 1.

⟹ 𝛽 = 1
𝜎
.

Therefore 𝜓1(𝑎) = 𝑎−𝜇
𝜎 . Secondly, the variables, i.e., the velocity 𝐮, the

pressure 𝑝, the external force 𝐟 and the viscosity 𝜈 are expressed by
heir PCE. Thirdly, these quantities are all inserted in Eq. (1). Then

each equation of this system is multiplied by 𝜓𝑖 (for 𝑖 = 0 and 𝑖 = 1),
and to obtain the sensitivity equations the inner product is used.

3.2. Multivariate PCM

The PCM can be extended to multivariate independent random vari-
bles, where the orthogonal multivariate polynomials are the product
f the constructed univariate orthogonal polynomials. The same orthog-
nalization approach for univariate polynomials is used to construct
irectly a multidimensional orthogonal polynomial basis {𝜙𝑖(𝐚)}, for
ultivariate random input variables. Let 𝐚 = (𝑎0,… , 𝑎𝑑−1) ∈ R𝑑 a

ector of independent random variables, with joint PDF 𝒘(𝐚). The
arameter 𝐚 contains the uncertainties in the model’s initial or bound-
ry conditions and the input parameters. Let 𝑌 (𝐱, 𝑡; 𝐚) be an uncertain
ariable that depends on space 𝐱, time 𝑡 and an uncertain vector 𝐚. In
ultivariate PCM, the uncertain variables can be decomposed on the

asis of complete multivariate orthogonal polynomials, the so-called
ultivariate PCE [32,37]. The variable 𝑌 (𝐱, 𝑡; 𝐚) can then be expressed

by its multivariate PCE

𝑌 (𝐱, 𝑡; 𝐚) =
𝑑
∑

𝑌𝑖(𝐱, 𝑡)𝜙𝑖(𝐚). (5)
310

𝑖=0
r

The unknowns, 𝑌𝑖, are deterministic coefficients and represent the
random mode 𝑖 of the physical variable component 𝑌 , and 𝜙𝑖 are the

ultivariate orthogonal polynomials of degree at most 𝑖. The polyno-
ials 𝜙0 and 𝜙1 are defined in R𝑑 and take value in R. Due to the

ndependence of the elements 𝑎0,… , 𝑎𝑑−1, the multivariate polynomials
𝜙0 and 𝜙1 can be constructed using the univariate polynomial basis as
ollows

𝜙0(𝐚) =
𝑑−1
∏

𝑖=0
𝜓0(𝑎𝑖) = 1,

1(𝐚) = 𝜓1(𝑎0)
𝑑−1
∏

𝑖
𝜓0(𝑎𝑖) = 𝜓1(𝑎0),

⋮

𝑑 (𝐚) = 𝜓1(𝑎𝑑−1)
𝑑−2
∏

𝑖=0
𝜓0(𝑎𝑖) = 𝜓1(𝑎𝑑−1),

with 𝜓𝑗 (𝑎𝑖) denotes the univariate orthogonal polynomials. The index 𝑗
is the polynomial degree of 𝜓𝑗 (𝑎𝑖). The type of the univariate polyno-
mial 𝜓𝑗 (𝑎𝑖) depends on the input variable 𝑎𝑖 distribution. For instance,
the Legendre, Hermite, or Laguerre polynomial function is selected
as the orthogonal polynomial function if the input variable follows
niform, normal, or gamma distribution, respectively. In this work,

only the multivariate polynomials of degree at most 1 are computed,
see [38] for the computation of multivariate polynomials of higher
egree. The Galerkin projection is used to compute the polynomial
haos expansion coefficients 𝑎𝑖 and 𝑌𝑖 (as in Section 3.1). Due to the
ndependence of the uncertain parameters 𝑎0,… , 𝑎𝑑−1, 𝑑 systems are

obtained.
In Section 6 the lid-driven cavity numerical test is treated with both

univariate and multivariate uncertain parameters.

3.3. Uncertainty quantification

The PCE provides an easy way to compute the mean and the
tandard deviation of the uncertain variable 𝑌 using the expansion
oefficients. The mean and the standard deviation of the uncertain

variable 𝑌 are written as follows

𝜇𝑎𝑌 (𝐱, 𝑡) = 𝐸 (𝑌 (𝐱, 𝑡)) = 𝐸
(

𝑌0(𝐱, 𝑡) +
𝑎 − 𝜇
𝜎

𝑌1(𝐱, 𝑡)
)

= 𝑌0(𝐱, 𝑡), and (6)

𝜎𝑎𝑌 (𝐱, 𝑡) = 𝐸
(

(

𝑌 (𝐱, 𝑡) − 𝑌0(𝐱, 𝑡)
)2
)

= 𝐸
(

(

𝑛
∑

𝑖=0
𝑌𝑖(𝐱, 𝑡)𝜓𝑖(𝑎) − 𝑌0(𝐱, 𝑡)

)2
)

=
𝑛
∑

𝑖=1
𝑌 2
𝑖 (𝐱, 𝑡). (7)

4. Sensitivity of the Navier–Stokes equations

In this section, the PCM is applied to the Navier–Stokes equations,
Eq. (1). For the clarity of further mathematical manipulations, we
expand the equations under the following form
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑢𝑡 − 𝜈(𝑢𝑥𝑥 + 𝑢𝑦𝑦) + 𝑢𝑢𝑥 + 𝑣𝑢𝑦 + 𝑝𝑥 = 𝑓𝑥 𝛺 , 𝑡 > 0, (8a)

𝑣𝑡 − 𝜈(𝑣𝑥𝑥 + 𝑣𝑦𝑦) + 𝑢𝑣𝑥 + 𝑣𝑣𝑦 + 𝑝𝑦 = 𝑓 𝑦 𝛺 , 𝑡 > 0, (8b)

𝑢𝑥 + 𝑣𝑦 = 0 𝛺 , 𝑡 > 0, (8c)

𝑢(x, 0) = 0 𝛺 , 𝑡 = 0, (8d)

𝑣(x, 0) = 0 𝛺 , 𝑡 = 0, (8e)

𝑢(x, 𝑡) = 𝑔𝑥(x, 𝑡) 𝛤 , 𝑡 > 0. (8f)

𝑣(x, 𝑡) = 𝑔𝑦(x, 𝑡) 𝛤 , 𝑡 > 0. (8g)

The subscripts 𝑥 and 𝑦 refer to spatial derivatives, specifically first par-
tial derivatives, with 𝑥𝑥 and 𝑦𝑦 denoting second partial derivatives with
espect to space, while the subscript 𝑡 signifies temporal derivatives.
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The PCE of the two scalar components of the velocity, and the external
orce are respectively written as follows

𝑢(𝐱, 𝑡; 𝑎) =
1
∑

𝑖=0
𝑢𝑖(𝐱, 𝑡)𝜓𝑖(𝑎), 𝑣(𝐱, 𝑡; 𝑎) =

1
∑

𝑖=0
𝑣𝑖(𝐱, 𝑡)𝜓𝑖(𝑎)

𝑓𝑥(𝐱; 𝑎) =
1
∑

𝑖=0
𝑓𝑥𝑖 (𝐱)𝜓𝑖(𝑎), 𝑓 𝑦(𝐱; 𝑎) =

1
∑

𝑖=0
𝑓 𝑦𝑖 (𝐱)𝜓𝑖(𝑎)

and the PCE of the pressure and the viscosity are presented respectively
as follows

𝑝(𝐱, 𝑡; 𝑎) =
1
∑

𝑖=0
𝑝𝑖(𝐱, 𝑡)𝜓𝑖(𝑎), 𝜈(𝑎) =

1
∑

𝑖=0
𝜈𝑖𝜓𝑖(𝑎).

The PCE of the boundary condition is written as follows

𝐠𝑥(𝐱, 𝑡; 𝑎) =
1
∑

𝑖=0
𝐠𝑥𝑖 (𝐱, 𝑡)𝜓𝑖(𝑎), 𝐠𝑦(𝐱; 𝑎) =

1
∑

𝑖=0
𝐠𝑦𝑖 (𝐱)𝜓𝑖(𝑎).

We replace in Eqs. (8a)–(8g), the two scalar components of the velocity
and the external force, the pressure, and the viscosity by their PCE. A
spectral stochastic projection is performed by multiplying Eqs. (8a)–
(8g) with 𝜓𝑘 for 𝑘 = {0, 1} and integrating with regard to the PDF 𝑤(𝑎).

he equations deduced from Eqs. (8a)–(8g) are
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⎪

⎪
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(𝑢𝑘)𝑡 −
1
∑

𝑖=0

1
∑

𝑗=0
𝜈𝑖[(𝑢𝑗 )𝑥𝑥 + (𝑢𝑗 )𝑦𝑦]⟨𝜓𝑖𝜓𝑗𝜓𝑘⟩

+
1
∑

𝑖=0

1
∑

𝑗=0
[𝑢𝑖(𝑢𝑗 )𝑥 + 𝑣𝑖(𝑢𝑗 )𝑦]⟨𝜓𝑖𝜓𝑗𝜓𝑘⟩ + (𝑝𝑘)𝑥 = 𝑓𝑥𝑘 𝛺 , 𝑡 > 0, (9a)

(𝑣𝑘)𝑡 −
1
∑

𝑖=0

1
∑

𝑗=0
𝜈𝑖[(𝑣𝑗 )𝑥𝑥 + (𝑣𝑗 )𝑦𝑦]⟨𝜓𝑖𝜓𝑗𝜓𝑘⟩

+
1
∑

𝑖=0

1
∑

𝑗=0
[𝑢𝑖(𝑣𝑗 )𝑥 + 𝑣𝑖(𝑣𝑗 )𝑦]⟨𝜓𝑖𝜓𝑗𝜓𝑘⟩ + (𝑝𝑘)𝑦 = 𝑓 𝑦𝑘 𝛺 , 𝑡 > 0, (9b)

(𝑢𝑘)𝑥 + (𝑣𝑘)𝑦 = 0 𝛺 , 𝑡 > 0, (9c)

𝑢𝑘(x, 0) = 0 𝛺 , 𝑡 = 0, (9d)

𝑣𝑘(x, 0) = 0 𝛺 , 𝑡 = 0, (9e)

𝑢𝑘(x, 𝑡) = 𝑔𝑥𝑘 (𝐱, 𝑡) 𝛤 , 𝑡 > 0. (9f)

𝑣𝑘(x, 𝑡) = 𝑔𝑦𝑘(𝐱, 𝑡) 𝛤 , 𝑡 > 0. (9g)

Let 𝐮𝑠 = (𝑢0, 𝑢1)𝑡, 𝐯𝑠 = (𝑣0, 𝑣1)𝑡, 𝐩𝑠 = (𝑝0, 𝑝1)𝑡, (𝐟 𝑠)𝑥 = (𝑓𝑥0 , 𝑓𝑥1 ),
(𝐟 𝑠)𝑦 = (𝑓 𝑦0 , 𝑓

𝑦
1 ), 𝝂𝑠 = (𝜈0, 𝜈1)𝑡, and (𝐠𝑠)𝑥 = (𝑔𝑥0 , 𝑔𝑥1 ), (𝐠𝑠)𝑦 = (𝑔𝑦0 , 𝑔

𝑦
1)

denote the vectors of PC coefficients of 𝑢, 𝑣, 𝑝, 𝑓𝑥, 𝑓 𝑦, 𝜈, 𝑔𝑥, and 𝑔𝑦

respectively. To write the Eqs. (9a)–(9g) in a more compact way, we
define the matrix 𝐴(𝐛) with 𝐛 = (𝑏0, 𝑏1) ∈ R2, as follows

[𝐴(𝐛)]𝑘𝑗 =
1
∑

𝑖=0
𝑏𝑖⟨𝜓𝑖𝜓𝑗𝜓𝑘⟩, 𝑗 , 𝑘 ∈ {0, 1}.

By the definition of 𝐴(⋅), for any vector 𝒃, 𝒄 ∈ R2, it yields that

[𝐴(𝒃)𝒄]𝑘 =
1
∑

𝑖=0

1
∑

𝑗=0
⟨𝜓𝑖𝜓𝑗𝜓𝑘⟩𝑏𝑖𝑐𝑗 =

1
∑

𝑖=0

1
∑

𝑗=0
⟨𝜓𝑖𝜓𝑗𝜓𝑘⟩𝑏𝑗𝑐𝑖 = [𝐴(𝒄)𝒃]𝑘.

Thus, one has

𝐴(𝒃)𝒄 = 𝐴(𝒄)𝒃. (10)

By replacing these vectors and matrices in Eqs. (9a)–(9g), it yields
311
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⎪

⎪
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𝐮𝑠𝑡 − 𝐴(𝝂
𝑠)[𝐮𝑠𝑥𝑥 + 𝐮𝑠𝑦𝑦] + 𝐴(𝐮𝑠)𝐮𝑠𝑥 + 𝐴(𝐯𝑠)𝐮𝑠𝑦 + 𝐩𝑠𝑥 = (𝐟 𝑠)𝑥 𝛺 , 𝑡 > 0, (11a)

𝐯𝑠𝑡 − 𝐴(𝝂
𝑠)[𝐯𝑠𝑥𝑥 + 𝐯𝑠𝑦𝑦] + 𝐴(𝐮𝑠)𝐯𝑠𝑥 + 𝐴(𝐯𝑠)𝐯𝑠𝑦 + 𝐩𝑠𝑦 = (𝐟 𝑠)𝑦 𝛺 , 𝑡 > 0, (11b)

𝐮𝑠𝑥 + 𝐯𝑠𝑦 = 𝟎 𝛺 , 𝑡 > 0, (11c)

𝐮𝑠(x, 0) = 𝟎 𝛺 , 𝑡 = 0, (11d)

𝐯𝑠(x, 0) = 𝟎 𝛺 , 𝑡 = 0, (11e)

𝐮𝑠(x, 𝑡) = (𝐠𝑠)𝑥 𝛤 , 𝑡 > 0. (11f)

𝐯𝑠(x, 𝑡) = (𝐠𝑠)𝑦 𝛤 , 𝑡 > 0. (11g)

Proposition 1. If 𝜈(𝑎)𝑤(𝑎) > 0, then the matrix 𝐴(𝝂𝑠) is definite
positive [39,40].
Proof. Let 𝐛 = (𝑏0, 𝑏1)𝑡 ∈ R2 an arbitrary real vector and 𝑏(𝑎) =

1
𝑗=0 𝑏𝑗𝜓𝑗 (𝑎). Then

𝐛𝑡𝐴(𝝂𝑠)𝐛 =
1
∑

𝑖=0

1
∑

𝑗=0

1
∑

𝑘=0
𝑏𝑗

(

∫R
𝜈𝑖𝜓𝑖(𝑎)𝜓𝑗 (𝑎)𝜓𝑘(𝑎)𝑤(𝑎) 𝑑 𝑎

)

𝑏𝑘

= ∫R
𝜈(𝑎)(𝑏0 + 𝑏1)2𝑤(𝑎) 𝑑 𝑎. (12)

Since 𝜈(𝑎)𝑤(𝑎) ≥ 0, one has

𝐛𝑡𝐴(𝝂𝑠)𝐛 = ∫R
𝜈(𝑎)(𝑏0 + 𝑏1)2𝑤(𝑎) 𝑑 𝑎 > 0,

thus the matrix 𝐴(𝝂𝑠) is definite positive for all 𝐛 ∈ R2. □

A stability estimate is presented in what follows. To simplify the
roof, homogeneous Dirichlet boundary conditions, i.e., 𝐠(𝐱, 𝑡) = 0 in
q. (1), will be assumed.

Proposition 2. If 𝐴(𝝂𝑠) is definite positive and 𝐟 = (𝑓𝑥, 𝑓 𝑦) stationary,
hen

‖𝐮𝑠‖2 + ‖𝐯𝑠‖2 + 2∫
𝑡

0

(

‖𝐮𝑠𝑥(𝑟)‖
2
𝐴(𝝂𝑠) + ‖𝐮𝑠𝑦(𝑟)‖

2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑥(𝑟)‖

2
𝐴(𝝂𝑠)

+‖𝐯𝑠𝑦(𝑟)‖
2
𝐴(𝝂𝑠) + ‖𝐮𝑠𝑥(𝑟)‖

2
𝐴(𝝂𝑠)

)

𝑑 𝑟
≤ (𝑒−𝑡 − 1)(‖(𝐟 𝑠)𝑥‖2 + ‖(𝐟 𝑠)𝑦‖2). (13)

with ‖ ⋅ ‖ the 𝐿2− norm in space and ‖ ⋅ ‖𝐴(𝝂𝑠) the norm induced by the
atrix 𝐴(𝝂𝑠).

In what follows the norm induced by the matrix 𝐴(𝝂𝑠) is defined as
follows

Let 𝐮 ∈ R2, ‖𝐮‖𝐴(𝝂𝑠) = ∫𝛺
𝐮𝑡[𝐴(𝝂𝑠)𝐮] 𝑑𝐱.

Proof. The stability estimate Eq. (13) is obtained by multiplying
Eq. (11a) by (𝐮𝑠)𝑡 and Eq. (11b) by (𝐯𝑠)𝑡. Then the sum of the two
quations is integrated over the spatial space and multiplied by 2. The

resulting expression can be written as follows
𝑑
𝑑 𝑡 (‖𝐮

𝑠
‖

2 + ‖𝐯𝑠‖2) + 2∫𝛺
(𝐮𝑠)𝑡𝐴(𝐮𝑠)𝐮𝑠𝑥 + (𝐯𝑠)𝑡𝐴(𝐮𝑠)𝐯𝑠𝑥

+ (𝐮𝑠)𝑡𝐴(𝐯𝑠)𝐮𝑠𝑦 + (𝐯𝑠)𝑡𝐴(𝐯𝑠)𝐯𝑠𝑦 𝑑𝐱

+ 2∫𝛺
(𝐮𝑠)𝑡 ⋅ 𝐩𝑠𝑥 + (𝐯𝑠)𝑡 ⋅ 𝐩𝑠𝑦 𝑑𝐱

− 2∫𝛺
(𝐮𝑠)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑥𝑥] + (𝐮𝑠)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑦𝑦]

+ (𝐯𝑠)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑥𝑥] + (𝐯𝑠)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑦𝑦] 𝑑𝐱

= 2∫𝛺
(𝐮𝑠)𝑡(𝐟 𝑠)𝑥 𝑑𝐱 + 2∫𝛺

(𝐯𝑠)𝑡(𝐟 𝑠)𝑦 𝑑𝐱. (14)

For clarity, we treat the terms group wise below. First the advective
erm is treated. Knowing that for all 𝒃 = (𝑏0, 𝑏1) ∈ R2, 𝐴(𝒃) is symmetric

and according to Eq. (10) one has

2𝐴(𝐮𝑠)𝐮𝑠𝑥 = 𝐴(𝐮𝑠)𝐮𝑠𝑥 + 𝐴(𝐮
𝑠
𝑥)𝐮

𝑠 = [𝐴(𝐮𝑠)𝐮𝑠]𝑥. (15)

By substituting Eq. (15) in the advective term, it becomes
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2∫𝛺
(𝐮𝑠)𝑡𝐴(𝐮𝑠)𝐮𝑠𝑥 + (𝐯𝑠)𝑡𝐴(𝐮𝑠)𝐯𝑠𝑥 + (𝐮𝑠)𝑡𝐴(𝐯𝑠)𝐮𝑠𝑦 + (𝐯𝑠)𝑡𝐴(𝐯𝑠)𝐯𝑠𝑦 𝑑𝐱

= ∫𝛺
(𝐮𝑠)𝑡[𝐴(𝐮𝑠)𝐮𝑠]𝑥 + 2(𝐯𝑠)𝑡𝐴(𝐮𝑠)𝐯𝑠𝑥 + 2(𝐮𝑠)𝑡𝐴(𝐯𝑠)𝐮𝑠𝑦 + (𝐯𝑠)𝑡[𝐴(𝐯𝑠)𝐯𝑠]𝑦 𝑑𝐱

(16)
According to the Eq. (10), Eq. (16) yields

2∫𝛺
(𝐮𝑠)𝑡𝐴(𝐮𝑠)𝐮𝑠𝑥 + (𝐯𝑠)𝑡𝐴(𝐮𝑠)𝐯𝑠𝑥 + (𝐮𝑠)𝑡𝐴(𝐯𝑠)𝐮𝑠𝑦 + (𝐯𝑠)𝑡𝐴(𝐯𝑠)𝐯𝑠𝑦 𝑑𝐱

= ∫𝛺
(𝐮𝑠)𝑡[𝐴(𝐮𝑠)𝐮𝑠]𝑥 + 2(𝐯𝑠)𝑡𝐴(𝐯𝑠𝑥)𝐮𝑠 + 2(𝐮𝑠)𝑡𝐴(𝐮𝑠𝑦)𝐯𝑠 + (𝐯𝑠)𝑡[𝐴(𝐯𝑠)𝐯𝑠]𝑦 𝑑𝐱.

(17)
Knowing that the matrix 𝐴 is symmetric, Eq. (17) rewrites

2∫𝛺
(𝐮𝑠)𝑡𝐴(𝐮𝑠)𝐮𝑠𝑥 + (𝐯𝑠)𝑡𝐴(𝐮𝑠)𝐯𝑠𝑥 + (𝐮𝑠)𝑡𝐴(𝐯𝑠)𝐮𝑠𝑦 + (𝐯𝑠)𝑡𝐴(𝐯𝑠)𝐯𝑠𝑦 𝑑𝐱

= ∫𝛺
(𝐮𝑠)𝑡[𝐴(𝐮𝑠)𝐮𝑠]𝑥 + 2(𝐮𝑠)𝑡𝐴(𝐯𝑠𝑥)𝐯𝑠 + 2(𝐯𝑠)𝑡𝐴(𝐮𝑠𝑦)𝐮𝑠 + (𝐯𝑠)𝑡[𝐴(𝐯𝑠)𝐯𝑠]𝑦 𝑑𝐱.

(18)
According to the Eq. (15), Eq. (18) simplifies to
2∫𝛺

(𝐮𝑠)𝑡𝐴(𝐮𝑠)𝐮𝑠𝑥 + (𝐯𝑠)𝑡𝐴(𝐮𝑠)𝐯𝑠𝑥 + (𝐮𝑠)𝑡𝐴(𝐯𝑠)𝐮𝑠𝑦 + (𝐯𝑠)𝑡𝐴(𝐯𝑠)𝐯𝑠𝑦 𝑑𝐱

= ∫𝛺
(𝐮𝑠)𝑡[𝐴(𝐮𝑠)𝐮𝑠 + 𝐴(𝐯𝑠)𝐯𝑠]𝑥 + (𝐯𝑠)𝑡[𝐴(𝐮𝑠)𝐮𝑠 + 𝐴(𝐯𝑠)𝐯𝑠]𝑦 𝑑𝐱. (19)

Let 𝒏 = (𝑛1, 𝑛2) be the normal vector. By integrating by part Eq. (19),

one has

2∫𝛺
(𝐮𝑠)𝑡[𝐴(𝐮𝑠)𝐮𝑠𝑥 + (𝐯𝑠)𝑡𝐴(𝐮𝑠)𝐯𝑠𝑥] + (𝐮𝑠)𝑡[𝐴(𝐯𝑠)𝐮𝑠𝑦 + (𝐯𝑠)𝑡𝐴(𝐯𝑠)𝐯𝑠𝑦] 𝑑𝐱

= −∫𝛺
(𝐮𝑠𝑥 + 𝐯𝑠𝑦)

𝑡[𝐴(𝐮𝑠)𝐮𝑠 + 𝐴(𝐯𝑠)𝐯𝑠] 𝑑𝐱 + ∫𝛤
(𝐮𝑠𝑛1 + 𝐯𝑠𝑛2)𝑡[𝐴(𝐮𝑠)𝐮𝑠 + 𝐴(𝐯𝑠)𝐯𝑠] 𝑑 𝑆 .

(20)
According to the Eq. (11c) and to the homogeneous Dirichlet boundary
condition, Eq. (20) becomes

2∫𝛺
(𝐮𝑠)𝑡[𝐴(𝐮𝑠)𝐮𝑠𝑥 + (𝐯𝑠)𝑡𝐴(𝐮𝑠)𝐯𝑠𝑥] + (𝐮𝑠)𝑡[𝐴(𝐯𝑠)𝐮𝑠𝑦 + (𝐯𝑠)𝑡𝐴(𝐯𝑠)𝐯𝑠𝑦] 𝑑𝐱 = 0.

(21)

By integrating by part the pressure term and according to the Eq. (11c)
nd to the homogeneous Dirichlet boundary condition, it gives

2∫𝛺
(𝐮𝑠)𝑡 ⋅𝐩𝑠𝑥 + (𝐯𝑠)𝑡 ⋅𝐩𝑠𝑦 𝑑𝐱 = −2∫𝛺(𝐮

𝑠
𝑥 +𝐯𝑠𝑦)

𝑡𝐩𝑠 𝑑𝐱+ 2∫𝛤 (𝐮
𝑠𝑛1 +𝐯𝑠𝑛2)𝑡𝐩𝑠 𝑑 𝑆 = 0.

(22)

The diffusive term is treated using an integration by part as follows

− 2∫𝛺
(𝐮𝑠)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑥𝑥] + (𝐮𝑠)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑦𝑦]

+ (𝐯𝑠)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑥𝑥] + (𝐯𝑠)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑦𝑦] 𝑑𝐱

= 2∫𝛺
(𝐮𝑠𝑥)

𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑥] + (𝐮𝑠𝑦)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑦]

+ (𝐯𝑠𝑥)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑥] + (𝐯𝑠𝑦)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑦] 𝑑𝐱

− 2∫𝛤
𝑛1(𝐮𝑠)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑥] + 𝑛2(𝐮𝑠)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑦]

+ 𝑛1(𝐯𝑠)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑥] + 𝑛2(𝐯𝑠𝑥)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑦] 𝑑 𝑆 . (23)

According to the boundary conditions Eqs. (11f)–(11g), Eq. (23) be-
comes

− 2∫𝛺(𝐮
𝑠)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑥𝑥] + (𝐮𝑠)𝑡[𝐴(𝝂𝑠)𝐮𝑠𝑦𝑦] + (𝐯𝑠)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑥𝑥] + (𝐯𝑠)𝑡[𝐴(𝝂𝑠)𝐯𝑠𝑦𝑦] 𝑑𝐱

= 2(‖𝐮𝑠𝑥‖2𝐴(𝝂𝑠) + ‖𝐮𝑠𝑦‖
2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑥‖

2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑦‖

2
𝐴(𝝂𝑠) + ‖𝐮𝑠𝑥‖

2
𝐴(𝝂𝑠)). (24)

By applying the Cauchy–Schwarz and Young inequalities to the right-
and side of Eq. (14), one has

2 (𝐮𝑠)𝑡(𝐟 𝑠)𝑥 𝑑𝐱 + 2 (𝐯𝑠)𝑡(𝐟 𝑠)𝑦 𝑑𝐱 ≤ 2(‖𝐮𝑠‖‖(𝐟 𝑠)𝑥‖ + ‖𝐯𝑠‖‖(𝐟 𝑠)𝑦‖)
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∫𝛺 ∫𝛺
≤ ‖𝐮𝑠‖2 + ‖(𝐟 𝑠)𝑥‖2 + ‖𝐯𝑠‖2 + ‖(𝐟 𝑠)𝑦‖2.
(25)

By replacing all these inequalities Eq. (20), Eq. (22), Eq. (24), and
Eq. (25) in Eq. (14), it gives

𝑑
𝑑 𝑡 (‖𝐮

𝑠
‖

2 + ‖𝐯𝑠‖2) + 2(‖𝐮𝑠𝑥‖2𝐴(𝝂𝑠) + ‖𝐮𝑠𝑦‖
2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑥‖

2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑦‖

2
𝐴(𝝂𝑠))

≤ ‖𝐮𝑠‖2 + ‖(𝐟 𝑠)𝑥‖2 + ‖𝐯𝑠‖2 + ‖(𝐟 𝑠)𝑦‖2. (26)

By integrating Eq. (26) in time, one has

‖𝐮𝑠‖2 + ‖𝐯𝑠‖2 + 2∫
𝑡

0

(

‖𝐮𝑠𝑥(𝑟)‖
2
𝐴(𝝂𝑠) + ‖𝐮𝑠𝑦(𝑟)‖

2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑥(𝑟)‖

2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑦(𝑟)‖

2
𝐴(𝝂𝑠)

)

𝑑 𝑟

≤ ∫

𝑡

0
‖𝐮𝑠(𝑟)‖2 + ‖𝐯𝑠(𝑟)‖2 𝑑 𝑟 + 𝑡 (‖(𝐟 𝑠)𝑥‖2 + ‖(𝐟 𝑠)𝑦‖2

)

. (27)

By setting 𝑧(𝑡) = ∫ 𝑡0 ‖𝐮𝑠(𝑟)‖2+‖𝐯𝑠(𝑟)‖2 𝑑 𝑟 and replacing it in Eq. (27) and
knowing that 2 ∫ 𝑡

0

(

‖𝐮𝑠𝑥(𝑟)‖
2
𝐴(𝝂𝑠) + ‖𝐮𝑠𝑦(𝑟)‖

2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑥(𝑟)‖

2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑦(𝑟)‖

2
𝐴(𝝂𝑠)

)

𝑑 𝑟
is positive, one has

𝑧′(𝑡) ≤ 𝑧(𝑡) + 𝑡(‖(𝐟 𝑠)𝑥‖2 + ‖(𝐟 𝑠)𝑦‖2). (28)

By multiplying Eq. (28) by 𝑒−𝑡, it gives

(𝑒−𝑡𝑧(𝑡))′ ≤ 𝑒−𝑡𝑡(‖(𝐟 𝑠)𝑥‖2 + ‖(𝐟 𝑠)𝑦‖2). (29)

Integrating in time Eq. (29) and multiplying it by 𝑒𝑡, one has

𝑧(𝑡) ≤ (𝑒𝑡 − 1 − 𝑡)(‖(𝐟 𝑠)𝑥‖2 + ‖(𝐟 𝑠)𝑦‖2). (30)

Finally, 𝑧(𝑡) is replaced in Eq. (27), the following inequality holds

‖𝐮𝑠‖2 + ‖𝐯𝑠‖2 + 2∫
𝑡

0
(‖𝐮𝑠𝑥(𝑟)‖

2
𝐴(𝝂𝑠) + ‖𝐮𝑠𝑦(𝑟)‖

2
𝐴(𝝂𝑠)

+ ‖𝐯𝑠𝑥(𝑟)‖
2
𝐴(𝝂𝑠) + ‖𝐯𝑠𝑦(𝑟)‖

2
𝐴(𝝂𝑠)) 𝑑 𝑟

≤ (𝑒𝑡 − 1)(‖(𝐟 𝑠)𝑥‖2 + ‖(𝐟 𝑠)𝑦‖2). □ (31)

The interested reader can refer to [41] for an adaptation to mixed
non-homogeneous boundary conditions.

5. Decoupling and numerical computation of the sensitivity equa-
tions

In this section, we want to find a way to solve the stochastic Navier–
Stokes equations. For this purpose, the Navier–Stokes equations Eq. (1)
are considered. Then, the first-order intrusive PCM is applied to these
equations. First, the method is applied for 𝑖 = 0, and the following
equations are obtained

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑡𝐮0(𝐱, 𝑡) − 𝜈0𝛥𝐮0(𝐱, 𝑡) − 𝜈1𝛥𝐮1(𝐱, 𝑡) + (𝐮0(𝐱, 𝑡) ⋅ ∇)𝐮0(𝐱, 𝑡)
+ (𝐮1(𝐱, 𝑡) ⋅ ∇)𝐮1(𝐱, 𝑡) + ∇𝑝0(𝐱, 𝑡) = 𝐟0(𝐱) 𝛺 , 𝑡 > 0,

∇ ⋅ 𝐮0(𝐱, 𝑡) = 𝟎 𝛺 , 𝑡 > 0,

𝐮0(𝐱, 0) = 𝟎 𝛺 , 𝑡 = 0,
𝐮0(𝐱, 𝑡) = 𝐠0(𝐱, 𝑡) 𝛤 , 𝑡 > 0.

(32)

These equations are equivalent to Eqs. (9a)–(9g) for 𝑖 = 0. Second,
the Navier–Stokes Eq. (1) are multiplied by 𝜓1 and the inner product
is applied. Then, the obtained equations are grouped in the following
system

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑡𝐮1(𝐱, 𝑡) − 𝜈0𝛥𝐮1(𝐱, 𝑡) − 𝜈1𝛥𝐮0(𝐱, 𝑡) + (𝐮0(𝐱, 𝑡) ⋅ ∇)𝐮1(𝐱, 𝑡)
+ (𝐮1(𝐱, 𝑡) ⋅ ∇)𝐮0(𝐱, 𝑡) + ∇𝑝1(𝐱, 𝑡) = 𝐟1(𝐱) 𝛺 , 𝑡 > 0,

∇ ⋅ 𝐮1(𝐱, 𝑡) = 𝟎 𝛺 , 𝑡 > 0,

𝐮1(𝐱, 0) = 𝟎 𝛺 , 𝑡 = 0,
𝐮1(𝐱, 𝑡) = 𝐠1(𝐱, 𝑡) 𝛤 , 𝑡 > 0.
(33)
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⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑡�̃�1(𝐱, 𝑡) − �̃�0𝛥�̃�1(𝐱, 𝑡) − �̃�1𝛥�̃�0(𝐱, 𝑡) − 2𝜎 ̃𝜈1𝛥�̃�1(𝐱, 𝑡) + (�̃�0(𝐱, 𝑡) ⋅ ∇)�̃�1(𝐱, 𝑡)
+ (�̃�1(𝐱, 𝑡) ⋅ ∇)�̃�0(𝐱, 𝑡) + 2𝜎(�̃�1(𝐱, 𝑡) ⋅ ∇)�̃�1(𝐱, 𝑡) + ∇�̃�1 = 𝐟1(𝐱) 𝛺 , 𝑡 > 0,

∇ ⋅ �̃�1(𝐱, 𝑡) = 𝟎 𝛺 , 𝑡 > 0,

�̃�1(𝐱, 0) = 𝟎 𝛺 , 𝑡 = 0,
�̃�1(𝐱, 𝑡) = �̃�1(𝐱, 𝑡) 𝛤 , 𝑡 > 0.

(35)

Box I.
p

u

b
t

C
i
a
I
d
c
s

s

d
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o

t

i

These equations are equivalent to Eqs. (9a)–(9g) for 𝑖 = 1. One
an notice that this intrusive approach results in a coupled system
f advection–diffusion equations for the stochastic velocity fields and
 decoupled set of stochastic divergence constraints. Therefore, this
akes them difficult to solve numerically. Some methods are proposed

o simplify the resolution of these two systems, like the Stochastic
rojection Method (SPM), in [42,43]. This approach is based on the

observation that the velocity divergence constraints are decoupled. It
suggests implementing a projection scheme in which the advection
and diffusion terms are integrated in a first fractional step, and the
divergence constraints are then enforced in a second fractional step.

Since the two systems, Eqs. (32) and (33), are coupled, it is fortu-
nate that they can be decoupled. Decoupling results in two systems,
ne of which is the Navier–Stokes system, which is advantageous for
mplementation in pre-existing code. This paper proposes an approach
nvolving decoupling, where two equivalent systems of other partial
ifferential equations (PDEs) are identified. This approach ensures that
ne of the systems does not depend on the solution of the second system
i.e. the global system is triangular). This is done using the following
hange of variables

𝐮1 = 𝜎�̃�1, 𝑝1 = 𝜎 ̃𝑝1, 𝜈1 = 𝜎 ̃𝜈1, 𝐟1 = 𝜎𝐟1, and 𝐠1 = 𝜎�̃�1,

then these quantities are inserted in system (33). This new system (33)
s subtracted from system (32) and according to the following change
f variables

𝐮0 = �̃�0 + 𝜎�̃�1, 𝑝0 = �̃�0 + 𝜎 ̃𝑝1, 𝜈0 = �̃�0 + 𝜎 ̃𝜈1,
𝐟0 = 𝐟0 + 𝜎𝐟1, and 𝐠0 = �̃�0 + 𝜎�̃�1.

Finally, two decoupled systems (34) and (35) equivalent to the systems
(32) and (33) are obtained

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑡�̃�0(𝐱, 𝑡) − �̃�0𝛥�̃�0(𝐱, 𝑡) + (�̃�0(𝐱, 𝑡) ⋅ ∇)�̃�0(𝐱, 𝑡) + ∇�̃�0(𝐱, 𝑡) = 𝐟0(𝐱) 𝛺 , 𝑡 > 0,

∇ ⋅ �̃�0(𝐱, 𝑡) = 𝟎 𝛺 , 𝑡 > 0,

�̃�0(𝐱, 0) = 𝟎 𝛺 , 𝑡 = 0,
�̃�0(𝐱, 𝑡) = �̃�0(𝐱, 𝑡) 𝛤 , 𝑡 > 0,

(34)

with �̃�0, �̃�0 and 𝐟0 the velocity, pressure and external force respect-
ively.

The system (34) corresponds to the Navier–Stokes Eq. (1). The
ystem (35) (see Box I) represents the first-order sensitivity of the

Navier–Stokes equations, with �̃�1, �̃�1, and 𝐟1 the sensitivity of the
velocity, pressure, and external force respectively. These equations
will also be referred to as sensitivity equations in the following. The
system (35) can be solved once system (34) is solved and the value of
̃ 0 is computed. One can note that the mean and standard deviation of
an uncertain variable (Section 3.3) are computed based on the state and
sensitivity using just two simulations: the first to compute the Navier–
tokes Eqs. (34) and the second to compute the first-order sensitivity

of the Navier–Stokes Eqs. (35).
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6. Numerical results

This section presents a numerical test, the lid-driven cavity, already
erformed in [35,44], see [19] for other numerical results treated

using the IPCM. The sensitivity of the Navier–Stokes equations of
the corresponding test, the average and the standard deviation of the
ncertain variables are computed according to the PCM, and compared

to the one obtained in [44] and the ones obtained using the Taylor
expansion [41,45]. The mean and the standard deviation are computed
using Eqs. (6)– (7) and the change of variable presented in Section 5.

Let 𝛺 = [0, 1] × [0, 1] be a 2𝑑 square cavity of which the up-
per wall is moving with a velocity 𝐮 = (1, 0). The flow is laminar
with 𝑅𝑒 = 100. In what follows, scenarios are presented: one with
uncertain viscosity and boundary conditions and the third one with
oth uncertain viscosity and boundary conditions. For this purpose,
he Navier–Stokes equations and the first-order sensitivity equations

are discretized according to the FEV scheme [46–48] more precisely
the 𝑃 1

𝑁 𝐶∖𝑃 0 + 𝑃 1. This numerical scheme is a modification of the
rouzeix–Raviart scheme [49]. The FEV scheme is implemented in the

ndustrial open-source code TrioCFD [50,51], a CFD code developed
t CEA (French Alternative Energies and Atomic Energy Commission).
t is a massively parallel, object-oriented code implemented in C++,
edicated to various scientific and industrial studies and research appli-
ations. TrioCFD focuses on addressing problems in the nuclear energy
ector through mathematical and computational modeling.

The Navier–Stokes equations are simulated using TrioCFD, and a
pecific module is developed for the sensitivity equations.

6.1. Uncertain viscosity

The viscosity is considered as the uncertain parameter, uniformly
istributed with 𝜇 = 0.01 the mean and a standard deviation of 10% of

its mean. The viscosity and its sensitivity are written as follows

�̃�0 = 𝜇 − 𝜎 and �̃�1 = 1.
The Navier–Stokes equations Eq. (34) and their sensitivity equations
Eq. (35) are solved with TrioCFD. The results obtained by the PCM
re compared with those obtained using Taylor expansion and those
btained in [44].

In Fig. 1 the horizontal and vertical velocity; the solutions of the
Navier–Stokes equations Eq. (34) are presented when reaching the sta-
ionary state. In Fig. 2, the sensitivity horizontal and vertical velocity;

solutions of the first-order sensitivity Navier–Stokes equations Eq. (35)
when the stationary state is reached.

In Fig. 3 and Fig. 4 the means and the standard deviation of the
horizontal and vertical velocities are respectively represented, when the
viscosity in the uncertain parameter.

The Fig. 5(a) and Fig. 5(b) represent respectively the mean and the
standard deviation of the horizontal velocity computed according to
the PCM detailed in Section 3.1 and compared to the one computed
n [44] and the one calculated using Taylor expansion with uncertain

viscosity on the horizontal cross-section 𝑦 = 0.5. In We observed a good
agreement between the results obtained in [44], the Taylor expansion
method detailed in [41], and the PCM used and presented in this paper.
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Fig. 1. The vertical and the horizontal velocity (m∕s), solutions of the Navier–Stokes equations.

Fig. 2. The sensitivity vertical and horizontal velocity (m∕s), solutions of the first-order sensitivity of the Navier–Stokes equations.

Fig. 3. A 2𝑑 presentation of the means of the two components of the velocity 𝑢 (m∕s) and 𝑣 (m∕s), while the viscosity is uncertain.
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Fig. 4. A 2𝑑 presentation of the standard deviation of the two components of the velocity 𝑢 (m∕s) and 𝑣 (m∕s) while the viscosity is uncertain.

Fig. 5. Comparison of the mean and standard deviation of the horizontal velocity calculated by PCM and Taylor expansion. (a) Mean of the horizontal velocity (m∕s). (b) Standard
deviation of the horizontal velocity (m∕s).

Fig. 6. A 2𝑑 presentation of the standard deviations of the two components of the velocity 𝑢 (m∕s) and 𝑣 (m∕s) for uncertain boundary conditions.
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Fig. 7. Comparison between the standard deviation of the horizontal calculated by
the PCM and Taylor expansion on the horizontal cross-section 𝑦 = 0.5, for random lid
velocity.

6.2. Uncertain boundary condition

In this section, we set the lid-driven velocity as a random variable
to investigate the influence of uncertainty of boundary conditions. The
mean value of the lid driven velocity 𝜇𝑣 is set to 1 with a standard
deviation 𝜎𝑣 of 10% of the mean value. The viscosity coefficient 𝜈 is
0.01. In this numerical test, we have an uncertainty boundary condition
on the upper wall of the domain. We will perform the same numerical
test using the PCM, presented in Section 3.1. Eq. (34) and (35) are
solved with uncertain lid-driven velocity. The lid-driven velocity and
its sensitivity is written as follows

�̃�0 = 𝜇 − 𝜎 and �̃�1 = 1.
The discretization of both the state and the sensitivity equations are

developed and solved in TrioCFD. The results obtained by the PCM are
compared with those obtained in [44] and the ones obtained using the
Taylor expansion method. We observed a good agreement between the
standard deviations of the uncertain variables computed in [44], the
ones computed according to the Taylor expansion method, and the PCM
presented in this paper. In Fig. 6, the standard deviation of the hori-
zontal and vertical velocity when the boundary condition is uncertain.
In Fig. 7, the standard deviation of the horizontal velocity computing
316
according to the PCM detailed in Section 3.1 and compared to the one
computing in [44] and the one computing using Taylor expansion with
uncertain lid velocity on the horizontal cross-section 𝑦 = 0.5.

6.3. Uncertain viscosity and boundary condition

The mixed random variation of both the viscosity and the lid veloc-
ity is evaluated. As a result of Eq. (7), the standard deviation of velocity
represents the sum of the standard deviation of velocity when the
viscosity is uncertain and the standard deviation when the lid velocity
is uncertain. In Fig. 8, the standard deviation of the horizontal and
vertical velocity when both uncertain viscosity and uncertain boundary
conditions together. Comparison between the standard deviation of the
horizontal velocity component calculated according to the multivariate
PCM detailed in Section 3.2, Taylor expansion, and the results obtained
in [44], is shown in Fig. 9. Once again, we observed a good agreement
between the three standard deviations computed according to [44],
the PCM presented and used in this article and the Taylor expansion
method described in [41]. The effect of the uncertainty in the lid-driven
velocity and the viscosity together is less than the single variation in lid
velocity but more significant than the effect of the uncertain viscosity.

7. Conclusion

This paper presents a comprehensive framework for the efficient
representation and propagation of uncertainty in the Navier–Stokes
equations using the intrusive PCM, also known as the Stochastic
Galerkin method. We consider the case where uncertainties exist in in-
put parameters, specifically in viscosity or initial/boundary conditions.
The governing equations are projected onto stochastic basis functions.
In this work, we focus on the first-order PCM. After applying this
approach to the Navier–Stokes equations, two coupled systems yielded.
To facilitate their resolution, we perform a decoupling step, resulting
in two decoupled systems: the Navier–Stokes system itself and the first-
order sensitivity of the Navier–Stokes equations. The analysis of the
well-posedness and stability of the first-order sensitivity Navier–Stokes
equations is presented in this paper. It is demonstrated through an en-
ergy estimate of the sensitivity velocity. Additionally, the multivariate
PCM is considered in this work. This method is particularly efficient
for computing an uncertain variable’s mean and standard deviation
when there is more than one uncertain parameter. The lid-driven cavity
numerical test is presented in this paper. Three scenarios are conducted:
the first involves uncertain viscosity, the second involves uncertain lid-
driven velocity, and the third involves uncertainty in both parameters.
In each case, the mean and standard deviation of the vertical and
Fig. 8. A 2𝑑 presentation of the standard deviations of the two components of the velocity 𝑢 (m∕s) and 𝑣 (m∕s) for both uncertain viscosity and uncertain boundary condition
together.
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Fig. 9. Comparison between the standard deviation of the horizontal velocity (m∕s)
calculated by the PCM and Taylor expansion on the horizontal cross-section 𝑦 = 0.5 for
both random viscosity and lid velocity.

horizontal velocities are calculated and compared with those from the
Taylor expansion method, showing excellent agreement.

As a next step, we intend to adapt the PCM to study the uncertainties
n thermohydrodynamics problems and turbulent flows.
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