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Introduction to Sensitivity Analysis

Sensitivity Analysis: study of how changes in the inputs of a model affect the outputs.

input | .
parameters

- Parameter of interest: a, .. . du
Sensitivity: — =
- State: U, da

- Model: system of hyperbolic equations.

U

Continuous Sensitivity Equation Method

Standard technique under hypothesis of regularity of U

U(x,0) = Up(x) Q ! Ua(x,0) = U, o(x) 0

If these techniques are applied to hyperbolic equations in case of shocks, Dirac delta functions
appear in the sensitivity. In order to have a sensitivity system which is valid also when the state is
discontinuous, we add a correction term [2].

Sensitivity system with correction term

Usx,0) = Upyolx) QO

{BtUa +0,Fa(U,U,) =S Qx(0,T)

This system is valid in the usual sense of weak solutions also in the case of discontinuous state
variables [1].

Source term definition

o
N, - Ns: number of discontinuities, ty — / .
S =Y pr()d(x —xs1(t)) - Xks(t): position of the kt" shock at time ¢, i / |
i=1 - - amplitude of the kth correction. £ — |
L1 Le L2

Integrating the sensitivity equations over the control volume: p = (U, — U} )c +F, — F,.
Rankine-Hugoniot conditions for the state: (UT — U)o = F" —F .
Differentiating them with respect to the parameter one has:

(U — U)o+ (UT = U)oy, + 0 (VU — VU )dpxy (1) =

_ OF (U™ OF (U~ a
— F;ll_ — Fa + ( éU )VU_I_ — éU )VU ) Baxkls(t).

The terms in green are difficult to estimate due to daxy ¢(t).

They are zero if we consider a solution U which is constant in the left and right neighbourhoods
of the shock. We obtain therefore a simpler formula: (U; — Uy )oy + (Ut — U)oy, = F7 — F,.
Finally, we have:

pi(t) = 0y, (UT —U7).
Remark: shock detectors are necessary.

Numerical methods

Remark: the state and the sensitivity system are solved separately, because the global system is
non-strictly hyperbolic.
An HLLC-type scheme is required for the state.

Approximate Riemann solver for the state

Roe Riemann solver: first and second order MUSCL-type implementation.

Roe-averaged eigenvalues.

3
eUr—Up =) decomposition along Roe-averaged eigenvectors.
k=1
o Star states: U7 = U + a1¥; Ui = U — agfs.
No constraints on the approximate Riemann solver for the sensitivity.

Approximate Riemann solver for the sensitivity

HLL scheme: first and second order MUSCL-type implementation.

Uu*. — 1
a,j—1/2 — AézOE B A{{OE

ROE ROE
(A?) Upi—M Ui —Fa(U;, U, ) + Fa(Uj_q, U 1)+ 4 /2) ,

- yROE
Si_1/2 =0aAy ;5 2(UL i1/ — Uj—1)d1,j-1/2
ROE
+0aA3,71/2(UR j—1/2 = ULj-1/2)
ROE
+0aA3 75 o(Uj = Ur i1 /0)d3j-1/2.

Both diffusive and anti-diffusive versions of all the methods are implemented.
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Convergence test case: Sod shock tube

t A
dtp + dx(pu) =0,
ot (pu) + dx(pu” + p) = 0,
dt(PE) + ox(u(pE +p)) =0,

The state system:

The sensitivity | 2107 T Ix(ptt)a :251'
system: dt(pu)a + x(patt” + 2putta + pa) = S,
Ot(PE)a + 9x(ua(pE + p) + u((PE)a + pa)) = Ss,

[u(z, T) = vex (2, T)|| L1

lp(x, T) = pex (2, T)| 1
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Remark: the numerical viscosity plays an important role in the convergence of the sensitivity.

Uncertainty quantification: Monte Carlo vs SA

We consider a Riemann problem with uncertain parameters a = (o5, og, t1, Ug, PR, PL)".
The aim is to determine a confidence interval for the variable X: Clx = [ux — kox, x + kox].
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Monte Carlo method: p, u, and p

Optimization
| dt(hp) + 9x(hpu) =0, N
Quasi-1D Euler system: (1) < 9¢(hou) + ox(hou? + p) = poyh, f
dt(hoE) + dx(hu(pE +p)) =0,
: 1 * || 2
e Cost functional [(U) = EHP —p7 12 o Withcomection | | oss o
e Parameters a = (x, /) o Tl ,
o Target pressure p* = p(x. = 0.5,¢ = 0.5) - ol *
e Gradient V,J(U) = [(P —r pxC)L2] ) o | ol ,
: (P =" rL)r2 e —
Problem: mln](U(g)) Subject to " -02 0 02 0-4%0.6 08 1 12 B35 04 045 05 055 06
acA
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