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Introduction to Sensitivity Analysis Solution of the Riemann problem

Sensitivity Analysis: study of how changes in the inputs of a model affect the outputs. . -
y Y Y 5 P P The p—system and its sensitivity

, (
input > > output 0T —dxtt =0 Qx (0,T), 0¢Ty — Oxtly =0 Q x (0,T),
parameters | ¥ (state) ; diu +dxp(T) =0 Q x (0,T), . Oty + dx(p'(T)T2) =0 Qx (0,T),
T(x,0) = 1 ly<x. + TRLx>x.  Q, T(x,0) = T L ly<x. + T RIx>x, Q)
. Parameter of interest: a, Sensitivity: ou U \u(x,O) = U ly<y, +URlx>x, (L \u(x,O) = Uy 1 Mx<x. + 1y RIx>x. €
. a

- State: U, da

- Model: system of hyperbolic equations. State configurations Sensitivity configurations

Applications v

U Ur
e Optimization: miﬂ J(U), where J(U) = %b(U, U) and b bilinear.
ac T x T
Classical optimization techniques call for the differentiation of the cost function: (@) 1-shock-2-shock
3] (U) | o |
= b(U, Uy).
da ( ) U, -
e Quick evaluation of close solutions [3]:

U(a+ 6a) = U(a) + 8aU,(a) + o(6a?).

e Uncertainty quantification [3]:

uo U(pa),
0® Ua(tta) Ua(pta)oz.

Classical numerical methods

e Exact Godunov-type scheme

At
State: U;thl =U" - —(F(U},,,,) —F(U? . ,,)). Sensitivity: direct average.

] Ax j+1/2 j—1/2
Continuous Sensitivity Equation Method * First order Roe-type scheme
il ROE ROE
State: U7 = U? + A_X(Aj—l/Z(U7—1/2 — U}’l) + )\j+1/2(U;f<+1/2 — U?)
Standard technique under hypothesis of regularity of U . . 1, . " Fa(U?' UZ,]') - Fﬂ(U?—yUZ,j) Axs?—l/z
Sensitivity: U” . ., =-(U . . 4+U".) — :
a,j—1/2 =~ 7\ "a,j-1 a,j 7\ ROE 7\ ROE
U+, F(U)=0 Qx(0,T) /Uy + 0xFa(U,Uy) =0 Q x (0,T) =172 j=1/2
U(x,0) = Uy(x) O —dg — Ua(x,0) = U, o(x) 0 e Second order Roe-type scheme
A m e Rl Time discretisation: two-step Runge Kutta. Space discretisation: MUSCL-type scheme.

U7i1/4 = U] + AU;/I, Uj_1/4

If these techniques are applied to hyperbolic equations in case of shocks, Dirac delta func- 1. . 0 v .
: - P e 1 : AU" = sminmod(U” , - U, U -U" ), == .oy

tions appear in the sensitivity. In order to have a sensitivity system which is valid also when the . I S M j—1 T U Ui e
state is discontinuous, we add a correction term [4]. minmod(a, b) = sgn(a) min(|al, [b])1,p,~0 . T . .

Sensitivity system with correction term

Numerical results

I7(2, T) = Tea (2, T)| 1

§ —o— Godunov
| —m— Roel
| —— Roe II

atUa —I— axFa(U, Ug) — S Q X (O, T)
Ua(x,0) = Uy p(x) 0

This system is valid in the usual sense of weak solutions also in the case of discontinuous state
variables [1]. Al 1 | [= Exact
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—— Godunov —— Roel
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Source term definition

O- [ J [ J [ [
N, - Ns: number of discontinuities, ty — ) Anti-diffusive numerical method
S = Z pr(t)o(x —xg i (1)) - Xk s(t): position of the k" shock at time ¢, | / |
=1 - Pi: amplitude of the ki correction. t; —— : A modified Godunov-type method [2]:
1 e I

_ _ 1. Initial data discretisation
Integrating the sensitivity equations over the control volume: p = (U, — U} )c +F, — F,.

Rankine-Hugoniot conditions for the state: (UT — U)o = F" —F .
Differentiating them with respect to the parameter one has:

2. Solution of a Riemann problem for each interface

3. Definition of a staggered mesh on which the average is performed

(Us —U; )0+ (U" =UT)op, + 0 (VU = VU ) o(1) = ‘1 Tio1/2 4 - —1/2 F 0L oY,
OF (U™ OF (U™ | > < T
=F, —F '+ ( U g+ _ 9 )VU_> axy o(t). uj>ujpqand 7 < Tjiq,
ou ou u; > uiqand T > Tipq,
. o : U, ] j+1 ]~
The terms in green are difficult to estimate due to dgxy ¢(¢). otherwise
They are zero if we consider a solution U which is constant in the left and right neighbourhoods 3 3 . '
of the shock. We obtain therefore a simpler formula: (U; — U, )o, + (U~ —UT)oy, = F; — F;. e Ak
Finally, we have: 4. Projection onto the initial mesh:

_ + — _
pk(t) = O'k,a(U — U ) ij_l if o € (0,%maX(0']‘_1/2, O)) ’

Remark: shock detectors are necessary. _ . i .
y U =1¢U; if o € % max(0j_1,2,0),1+ %m1n(aj+1/2,0)) , o~ U([0,1])

Ujy ifac _1+AA—§min(a]-+1/2,0),1).
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